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INTRODUCTION

In the first half of 1976, the department of Applied Mathematics of
the Mathematical Centre organized a colloquium on Nonlinear Diffusion
Problems under supervision of H. A. Lauwerier and L.A. Peletier. This book
contains the proceedings of the lectures of that colloquium.

At the moment many papers about nonlinear diffusion problems are
appearing in the literature. The idea of the colloquium was to present back-
ground material on the qualitative analysis of parabolic partial differen-
tial equations in such a way that the existing and forthcoming literature
was made accessible to the audience. Theoretical methods were presented and,
whenever possible, their use was demonstrated in the analysis of some pro-
totype problem. Most of these prototype problems arise as mathematical mo-
dels of a biological phenomenon and the mathematical questions are motivated
by these models. This is a reflection of the fact that quite often the re-
search in this area is inspired by biological applications.

In Chapter I, first a brief indication of the biological background
of some mathematical questions is presented and subsequently the use of the
variational method of proving existence of equilibria and the Lyapunov
method of proving stability are demonstrated.

Chapter II contains basic results on existence and uniqueness of solu-
tions of the initial-boundary value problem for a one-dimensional nonlinear
parabolic equation. Moreover the maximum principle is introduced.

The maximum principle is used extensively in Chapter III. It is shown
how upper and lower solutions yield monotone iteration schemes and how in
this way one can get information concerning existence, nonexistence and
stability of equilibria.

Chapter IV is devofed to travelling wave solutions (i.e., solutions of
the form u(x,t) = w(x-ct) of the one-dimensional equation ut =u . + f(u),
-® < x < », Phase plane methods are used to show existence and the maximum
principle and Lyapunov functions to obtain results concerning stability.

In Chapter V the basic theorv of Lyapunov functions for dynamical sys-
tems is presented and subsequently it is shown how this theory can be
applied to parabolic initial-boundary value problems (again in the case of

one space-variable).



The last two chapters deal with systems of nonlinear diffusion equa-
tions. In Chapter VI the system resulting from a model chemical reaction,
as proposed, by Prigogine is discussed. The existence for all time of a
solution of the initial-boundary value problem is proved by means of the
Faedo-Galerkin method. Then, folloewing the general lines of bifurcation
theory, the existence and stability of equilibria (and of periodic solu-
tions) is discussed by analyzing their dependence on a parameter.

Finally, in Chapter VII an indication is given of the questions, re-
sults and techniques occurring in the rapidly increasing mathematical lite-
rature inspired by the Hodgkin-Huxley theory of the propagation of an elec-
trical impulse along a nerve axon.

The results in this book are not rew. Apart from minor details all of
the contents can be found in the literature. However, it is hoped that for
everybody whe is interested in the subject, this book can serve as a use-~
ful and quick introduction.

The lectures were prepared in working groups and every member of our
department has contributéd to the success of the colloquium.

The lectures were given by

O. DIEKMANN Chapter I

J.W. de ROEVER Chapter II

I.G. SPRINKHUIZEN-KUYPER Chapter III

B. DIJKHUIS Chapter IV 1-3
E.J.M. VELING ’ Chapter IV 4-5
T.H. KOORNWINDER Chapter V

T.M.T. COOLEN Chapter VI 1-9
J. GRASMAN Chapter VI 10-15
E.J.M. VELING ’ Chapter VII

They also are the authors of the corresponding parts of the text. For
Chapter IV 1-3, O. Diekmann and E.J.M. Veling were co-authors. The pictures
were made by G.J.M. Laan. In the selection of the material the guidance of

L.A. Peletier was very helpful.



I. MODELS AND METHODS: A FIRST IMPRESSION
1. INTRODUCTION

A frequent approach in applied mathematics is to study prototype prob-
lems in full detail. In doing so, one hopes to get examples of both the qual-
itative behaviour of solutions of a whole class of problems, and the use of
analytical tools in a specific case.

For linear partial differential equations there is the classification
into equations of elliptic, parabolic and hyperbolic type, and each type has
its classical representative (the equation of Laplace, the heat equation and
the wave equation). The study of these equations has resulted in a clear view
of the behaviour of their solutions, and this in turn has led to an under-
standing of the physical processes that are modelled by the equations.

The diversity of phenomena that one can expect in the field of nonlinear
partial differential equations is much larger (for example, the important
property of superposition of solutions is lost). Accordingly, there will be
a lot of prototype problems, but unfortunately one does not always know in
advance which problems deserve this qualification.

In this series of lectures a number of nonlinear diffusion problems will
be discussed which have had much attention in the recent mathematical litera-
ture, and which are likely to remain in the center of interest for some time
to come. Some of the problems are mathematical models of phenomena from the
natural sciences (in fact biology), and some are reduced forms of such mod-
els. The objective is to analyze equations which are as simple as possible
and yet show the most important qualitative features.

It is hoped that the meaning of "nonlinear diffusion problem" is intu-
itively clear and we will not try to define it (we would certainly get en-
tangled) . Moreover, we emphasize that there are a lot of nonlinear diffusion
problems which are rather different from the ones that will be dealt with
here (for examples we refer to [1]).

In the next three sections of this first chapter we will give a brief
indication of the biological background of the mathematical questions. In
the remaining sections one of the problems is worked out and the use of

general methods is demonstrated.



2. CONDUCTION OF A NERVE IMPULSE

How is information transmitted through the nervous system? Experimental-
ly it is observed that electrical impulses travel along individual nerve
cells. These impulses have the form shown in Figure 1 and they are propagated

with constant velocity.

N—

Figure 1

Hodgkin and Huxley developed a theoretical model which can be formulated

mathematically as:

x ut + I(u,w),

(2.1) -© < x <o, 0<t< o,

c
]

<
1}

P(u)w + q(u),

where subscripts denote partiadl differentiation. Here u(x,t) denotes the
electrical potential across the membrane tha* surrounds the (infinitely
long, cylindrical) nerve cell and w(x,t) is a three-dimensional vector which
describes the permeability of the membrane to certain ions. I, P and q are
given functions (some of the functional dependence on u and w is more or
less assumed ad hoc, since the molecular structure of the membrane is not
completely known) .

The equations (2.1) are very complicated and there is not much hope of
a useful analytical treatment. The results of extensive numerical studies
are in good agreement with the e#periments, but one way or another computer
simulation on its own is not fully satisfactory. The ghencmenon of a so-
called travelling wave solution (i.e., a solution depending only on the
single variable £ = x + ct, where c # 0 is constant) is not observed for

linear parabolic partial differential equations (although of course the un-
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bounded function u = exp{c(x+ct)} satisfies ut i irrespective of the
value of c). The "jump" from the analytical theory of linear equations to
numerical analysis of (2.1) is too large, and one needs an intermediary in
the form of a simplification of (2.1) for which one can show analytically
that there are travelling wave solutions which resemble the nerve impulse.

The simplified model

[+
]

u, - u(i-u) (u-a) + ew,
XX t
(2.2) 0<a<1l, >0,

W, =
has been formed by NAGUMO, ARIMOTO and YOSHIZAWA [2] after the preparatory
work of FITZHUGH [3]. How can one show that (2.2) admits a travelling wave
solution which looks like Figure 1? Substitution of u = u(x+ct), w = w(xt+ct)
into (2.2) yields a system of ordinary differential equations depending upon

the parameter c,

u' = v,
(2.3) v' = cv - u(l-u) (u-a) + ew,
w' = c-lu,

and the problem is to find values of c such that (2.3) has a nonconstant so-
lution with u(#®) = 0. In other words, one is looking for values of c such
that (2.3) has an orbit beginning and ending at the equilibrium point (0,0,0)
(a so-called homoclinic trajectory). It is clear that the nonlinearity of

the problem is essential for the existence of such an orbit.

Figure 2



We see that a concrete mathematical model of a neurobiological phenome-
non leads to a quite general and difficult mathematical question concerning
the existence of a homoclinic trajectory for a system of ordinary differen-
tial equations depending on a parameter. In Chapter VII much more will be
said about this sort of problem.

In this section we have only touched on some of the mathematical ques-
tions that are related to the Hodgkin-Huxley theory and we refer the inter-

ested reader to [1] and [4] and the references therein.

3. REACTION-DIFFUSION PROBLEMS AND MORPHOGENESIS

The evolution of a chemical system in which reaction and diffusion takes

place is described by the system of equations

(3.1) u = Au + f(u).
Here u = u(x,t) is an n-dimensional vector of concentrations of chemical
species and f represents the source term generated by the chemical reactions.

TURING [5] studied equations like (3.1) and he showed that they can have
stable space-dependent steady-state solutions, even when the boundary condi-
tions suggest only uniform steady states. His idea is that one can "ex-
plain" morphogenesis (i.e., the generation of form and pattern in biological
systems) as resulting from reaction and diffusion of chemical species. This
kind of model building and explanation differs from the conventional method
and therefore ROSEN [6] has proposed using the term metaphor instead of mod-
el.

A rapidly increasing amount of mathematical literature on reaction-dif-
fusion problems is inspired by the spatial and temporal ordering in biologi-
cal systems (see for example the first three chapters of [7]). Part of the
effort is being directed towards a detailed analysis of a typical problem,
or as NICOLIS [7] says: In a way, we are looking for the "harmonic oscilla-
tor"” or for the "Ising model" of nonlinear kinetics. Chapter VI is devoted

to this approach.
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4. ADVANTAGEOUS GENES

If in a population a certain gene occurs in two forms, a and A, one can
divide the individuals into three classes or genotypes (aa, aA and AA). Let
us suppose that
- the population mates at random, producing offspring with a certain birth-
rate r;

- the deathrate T depends on the genotype (think of differences in adapta-
tion to the environment);

- the population diffuses through the habitat with diffusion constant one.

Then the densities 01’ 92 and p3 of the genotypes aa, aA and AA respectively,

satisfy
ap
1 r 2
E— = A01 Tlpl + D(pl+£02) ’
ap
2 _ 2r 1 ]
(4.1) oy Ap2 TPy * 5 (01+2D2) (o3+202),
3p
3 _ r 2
3T bpy = Tyey t Glogtie)

where p = Pyt Py + P3- .

Most of the analytical work concerns the simplified model (see [8], [9]

and [10])

(4.2) ut = Au + f£(u),

where f(u) = u(1-u){(r1-T2)(l-u)—(T3-T2)u} and u = p-l(p3+§p2), the relative
density. In the event that there is one space dimension, the results for
equation (4.2) include the existence of travelling wave solutions correspond-
ing to a heteroclinic trajectory (an orbit connecting two different equili-
brium points of an ordinary differential equation). This material will be
presented in Chapter IV.

One sometimes observes in nature that the frequency of the genotypes is
a function of the geographical location, and one would like to show that this
is reflected in the solutions of (4.2). Suppose the habitat to be a bounded
one-dimensional region in which the population lives in isolation. This means

that we impose at the end points the homogeneous Neumann boundary condition

(4.3) u = 0.
X



The equilibrium solutions satisfy (4.3) and
(4.4) u + f(u) = 0.
XX
From a plot of the trajectories of solutions of (4.4) in the phase plane

(see Figure 3) it follows readily that space-dependent equilibrium solutions

are quite well possible (see [11] for more details).

N
N >

Figure 3

However, it has been proved by WILLEMS & HEMKER [11] that such equilibrium
solutions are always unstable. In Chapter V another proof (in the style of
CHAFEE [12]) of this remarkable fact will be given. This result partly

motivates the analysis of yet another model problem in the next sections.

5. A MODEL INCORPORATING THE GEOGRAPHICAL SITUATION

The material in this and some of the following sections is based cn a
paper of FLEMING [13].

To the assumptions of Section 4 we add one more, namely that a selec-
tive advantage at some point of the habitat becomes a selective disadvantage
at others. As an example of a responsible mechanism one may think of the
colour of the soil in relation to the protective colouring of some sort of

animal (differences being due to the gene). The mathematical formulation
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takes the form

LA + Ag(x) £(w), -1<x<1, t>0,

(5.1)

wx(tl,t) =0,
2
where £, € C,
(5.2) £(0) = £(1) = 0, f(w) >0 for 0 <w<1,

and g takes both positive and negative values on [-1,1].

+E +g

0 1\ > u \\\‘//,/—‘—-“~\\j X

Figure 4

The positive parameter A is characteristic for the ratio of the influence of
selection and of diffusion.
We will study the dependence of equilibria on A. As usual equi librium

means a function u(x) satisfying
(5.3) u + Ag(x)£(u) = 0O, -1 <x <1,
(5.4) u_(x1) = 0,

X

and in addition, since u is supposed to be a frequency,

(5.5) 0<u

IA

1.

There are always (i.e., for all values of A) two trivial equilibria

(5.6) uo(x) = 0, ul(x) = 1.



We are interested in the existence of space-dependent equilibria and in their
stability, because only stable equilibria will be observed in nature. For
discussing stability we have to look at the initial value problem. Suppose
that for every ¢ in an appropriate normed space X (with norm l+l) the prob-

lem (5.1) supplemented with the initial condition
(5.7) w(x,0) = y(x)

has a unique solution w(x,t), belonging to X for every t. Then we call an

equilibrium u € X stable if for every € > 0 there exists 6 > O such that
Iy—ull < § implies Hw(.,t)-ul < ¢ for all t = 0.

In the next sections a natural combination of the variational method and the
Lyapunov stability method will enable us to obtain results concerning exis-

tence and stability almost simultaneously.

6. VARIATIONAL FORMULATION AND EXISTENCE OF A MINIMUM

In the analysis of the boundary value problem (5.3), (5.4), we will
follow the standard Hilbert space approach as described in [14]. As usual,
we let H1 denote the (Sobolev) space that is obtained by completion of the
space of Cw—functions with respect to the norm

1 A\
lull = (f (u2+u2)dx) .
] S
The elements of H1 can be characterized as L2—functions having a generalized
derivative and, in the case of one variable, the following important theorem

holds:
THEOREM 6.1. (SOBOLEV). H' 7s compactly imbedded in .

In other words, every u € H1 is- equivalent to a continuous function, and

. 1 R .
every bounded set in H has compact closure in Co. In particular it follows
that out of every bounded sequence in H1 one can extract a subsequence that

~1exsy 1B D
In Section II. 2 more general results are stated and, concerning the proof,

n
converges in C~ (i.e., with respect to the norm given by max

a reference to the literature is given.
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The problem (5.3), (5.4) can be given a variational formulation:

(6.1) Lu(¢) =0, for every ¢ € Hl,
where

1
(6.2) Lu(¢) = J—1 {ux¢x - Ag(x)f(u)¢p}dx

and the unknown u is an element of Hl.
It follows that we are looking for critical points of the functional

1
V: H - R given by

1

(6.3) V(u) = J {%ui - Ag(x)F(u) }ax,
-1

where
u

(6.4) F(u) = J f(y)dy.

0

In the appendix we show that the boundary conditions are reflected in the
fact that we are working in H1 (and not as for the Dirichlet problem in Hé;
see [14]). Henceforth, we shall use the word "equilibrium" for critical
points of V as well. This is justified by a regularity proof in the appen-
dix. A more classical formulation is that (5.3) is the Euler equation of

(6.3) and (5.4) the free boundary condition.

, . e ep e * .. . . 1
THEOREM 6.2. There exists an equilibrium u minimizing V on X = {u € H
0 <uc<1}.

PROOF. The proof uses standard variational arguments. For definitions of
concepts and notation we refer to [14]. Write V(u) = T(u) - AB(u) where

T: H1 -+ R and B: H1 + R are defined by

1 5 1
T(u) = éf uxdx, B(u) = f g(x)F(u)dx.
-1 -1

Since T is weakly lower semi-continuous (see [14], p.150) and B is weakly
continuous (if un -~ G in Hl, then un - ; in Co and thus B(un) > B(E)),
we know that V is weakly lower semi-continuous. Because V(u) 2 - AB(u)
and B is bounded on X, V is bounded from below on X. Let {un} c X be such

that v(u") + m = inf{v(u) | u e X}. Since {(v(u™?} is bounded {T(u™)} must



10

be bounded, and therefore {u"} is bounded in Hl. Hence {u"} contains a

* *
say. Then u € X and

weakly convergent subsequence {un'}, un' ~u
V(u*) = m by the weak lower semi-continuity of V.

It remains to show that u* is a critical point. Since u* does not need
to be an interior point of X we cannot refer directly to the standard re-
sult that extreme points are critical points (Theorem 3.1.2 in [14]). we

need a trick. Let

F(2-u), 1 <ucx<2,
F(u) = F(u), 0<u=x<i,
F(-u), -1 <u<o,

4 F ()

\/\

-1 0 1 2 >u

Figure 5

and let 6 be the corresponding functional. Since £(0) = £(1) = 0, 6 is
* ~
Fréchet differentiable. Furthermore, u minimizes V among all u € H1 such
% ~
that -1 < u £ 2. We conclude that u must be a critical point of V and hence

of V. [

We would like to conclude from Theorem 6.2 the existence of a nontriv-
ial equilibrium. A possible way is to calculate V(u) for suitable chosen
functions u (as soon as we find u for which V(u) < V(uo) and V(u) < V(ul)
we are done). In Section 9 we will follow a more systematic approach, but

the basic idea will be the same.

7. STABILITY OF EQUILIBRIA

In Chapter II the question of the existence and uniqueness of a solu-

tion for the initial boundary value problem (5.1), (5.7) will be treated.
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Here we restrict ourselves to a statement of results in a convenient way.

1 . . . 1
For every ¥ € H there exists a unique solution w(x,t); w(.,t) € H

for all t and w has smoothness properties which justify the steps below

d
EE-V(W(.,t))

]

1-8
1lim [ {ww - M(x)E(Ww, }dx
840 J-145 X Xt t

1
- J_‘ {wXx + Ag(x)f(w)}wtdx

i

[,
== wtdx.
-1

The result g%—v(w(.,t)) < 0 shows that V can be used as a Lyapunov function—
al. The intuitive idea is that critical points are stable if and only if
they correspond to (local) minima of V (for an introduction to the Lyapunov
theory of stability we refer to [16]). The following theorem shows that u

is indeed stable if V is minimal at u and a slight additional condition is

satisfied.

THEOREM 7.1. If there exists an r > 0 such that
V(u+g) - V(u) 2= h(llell) for all ¢ with ¢l < ¢,

where h 18 continuous, monotone increasing and h(0) = 0, then u is stable.

PROOF. Given €, 0 < € < r, choose § > 0 such that V(u+¢) - V(u) < h(e) for
all ¢ with l¢ll < 8 (since V is continuous, such a § always exists). So, if

¥ satisfies ly-ul < &, we have, as long as lw(.,t)-ul < r,
h(lw(.,t)-ul) < v(w(.,t)) = V() < V() - V(u) < h(e),

and thus lw(.,t)-ul < e. 0O

An equilibrium u is called umstable if it is not stable and asymptoti-
cally stable if it is stable and in addition lw(.,t)-ul -~ 0 as t > = for all
Yy with ly-ul sufficiently small. It is possible to obtain results concerning
instability and asymptotic stability by an approach that will be fully de-
veloped in Chapter V. Here we merely outline the reasoning.

In fact, é%-v(w(.,t)) < 0 for all t 2 0 unless w is an equilibrium so-

lution (V is a strict Lyapunov functional). From the maximum principle (see
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Chapter II) it follows that X = {¢ € H1 i 0 £ ¢ < 1} is invariant with re-

spect to (5.1) (i.e., if ¥ € X, then w(.,t) ¢ X for all t). V(w(.,t)), being
decreasing and bounded from below on X, has a limit as t - . These facts
can be used to show that solutions stabilZze. Or in other words: as t - «
every solution tends to some equilibrium u, in the sense that lw(.,t)-ul =0
as t > o,

An equilibrium u is called Zsolated if some neighbourhood of u (in the
sense of Hl) contains no other equilibria. The following theorems are easy

consequences of the above.
THEOREM 7.2. If u is etable and isolated, then u is asymptotically stable.

PROOF. Take g S° small that u is the only equilibrium in {¢ | lu-¢l < eo}.
So, if Y satisfies ly-ul < S(CO), we know that lw(.,t)-ul < €, and that

w(.,t) tends to an equilibrium as t > o, Hence w(.,t) tends to u. []
THEOREM 7.3. If u s ¢solated and V(u) s not a mimimun, then u is unstable.

PROOF. As before, take €y Such that u is the only equilibrium in {¢ | Hu-gl
< eo}. Suppose we can find a § such that lw(.,t)-ul < £ for every ¢ with
ly-ul < 8. Since V is not minimal at u we can find a function ¥ with

fy—ul < § and V(y) < V(u). Hence Viw(.,t)) < V(u) for all t > O. Thus, as

t > o, w(.,t) tends to an equilibrium w different from u and yet satisfying

lu-wl < €o+ This is clearly a contradiction. [J

8. NECESSARY AND SUFFICIENT CONDITIONS FOR A MINIMUM

The foregoing has made clear the special importance of critical points
where V is minimal. In this section we derive criteria which are based on
linearization at the eqdilibrium.

The functional V is twice Fréchet differentiable, so we can write out

the first terms of a Taylor expansion:
(8.1) V(ut+d) = V(u) + Lu(¢) + QQu(¢) + R{u;¢)
with

1 2 2
(8.2) Q,(¢) = J {¢x - Ag(x)£' (u) ¢ }ax
-1
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and

(8.3) IR(ui )| = o(lol?).

1 , .
The quadratic functional Qu: H - R is called the second variation of V.

Note that the Euler equation for Qu(¢) is the linearization of (5.3)
i =
(8.4) Vex T Ag(x)E' () v 0.

Now let u be a critical point of V (i.e., Lu(¢) = 0 for all ¢ € Hl).

THEOREM 8.1. If there exists 5 € H1 such that Qu(g) < 0, then V(u) Zs not a

mintmum.

PROOF. For sufficiently small l¢ll, the sign of V(u+¢) - V(u) will be the same
as the sign of Qu(¢). Suppose there exists $ € H1 such that Qu($) < 0. Since

Qu is a homogeneous quadratic functional, we have Qu(n¢) < 0 for every n > O,
and hence V(u+n¢) - V(u) is negative for small n. It follows that V(u) cannot

be a minimum. [

COROLLARY 8.2 (a necessary condition). If V <s minimal at u, then Qu(¢) >0
1

for all ¢ € H™.
THEOREM 8.3 (a sufficient condition). If there exists an a > 0 such that

Qu(¢) > aH¢H2 for all ¢ € Hl, then vV(u) <s a minimum. Moreover, u is stable.

PROOF. V(u+¢$) - V(u) = %QJ¢)‘+ R(u;¢), and for every € > O there exists
§(e) > 0 such that |R(u;¢)| < €"¢ﬂ2 for all ¢ with ¢l < 8(e). Take € = ia;
then

V(ut) - V() > bo (¢) - IR(u;0) | 2halol? - Lalgh? = jalel?.

Hence V(u+$) - V(u) > O for all ¢ with 0 < l¢l < 8({a), and V(u) is a mini-
mum as asserted. The stability of u follows from Theorem 7.1 (take h(s) =

= tas™). 0O

It is a standard result in the calculus of variations that criteria for
the positivity of Qu can be formulated in terms of a solution of the linear-
ized equation (8.4). Our presentation of the proofs is based on [15].

Let v(x) be defined by (8.4) and
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(8.5) v(-1) =1, - v, (-1) = 0.

Since the equation is linear the choice v(-1) = 1 is just a matter of normal-
ization. The following observation will be useful in the sequel: multiplica-

tion of (8.4) by v and integration by parts yields the identity

(8.6) Qu(v) = v(1)vx(1).

THEOREM 8.4.
(i) Ifv>0for -1 <x<1and v (1) 20, then Qu(¢) >0 for all ¢ € Hl.
(ii) If Q,(® =20 for all ¢ € Hl, then v > O for -1 < x < 1, and if

v(l) > 0, then vx(l) > 0.

PROOF.

(i) For arbitrary y € C1 the equality

Vo2 2
Qu(¢) J {¢x - Ag(x)£'(u) ¢ }ax

-1
1 1 1
[ (¢ +Y¢)2dx + f {y ‘Y2->\g(x)f'(u)}¢2dx - ¢2y
-1 X -1 ¥ -1

holds. The idea of the proof is to take for y a solution of the differential

equation
2 ' -
Y, =Y - Agx)f'(u) = 0.
This is a so-called Riccati equation, and the change of variables
Vx
(8.7) y=- 7
leads to (8.4). The hypothesis implies that (8.7) is well defined and that
1 v v_ (1)
X, 2 X 2
= -= + = > 0.
9, (9) f_i (b =) “ax + T==0°(1) 2 0
(ii) Denote, for the moment, the value of X by X. The idea of the proof is
to show that no zero of v can appear as we let A vary from O to X. We embody

the dependence on A in the notation by writing Qﬁ and v(x,A). As a prelimin-

ary step we note that if A < X, then
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A A X A (P2
Qu(¢) = i‘Qu(¢) + (lj-iﬂ J—l ¢xdx
implies Qﬁ(¢) > 0 unless ¢ is constant almost everywhere.

Suppose v(x,A) = 0 for some x € (-1,1). The fundamental theorems for
solutions of the initial value problem for ordinary differential equations
(see for instance [17, Chapter 1]) imply vx(i,i) # 0 (uniqueness) and v(x,l)
is a continuously differentiable function of A. According to the implicit
function theorem the equation v(x,A) = 0 defines a continuous curve of solu-

tions x = x()A) in a neighbourhood of (;,X). We show that no such curve x(A)

can exist:

A. x()\) cannot terminate inside the rectangle -1 < x <1, 0 < X < X, since
at the end point we would have v = 0 by continuity, and the above reason-

ing can be repeated.

B. x()A) cannot intersect the segment x = 1, 0 < A < X, for then Qﬁ(v(.,k)) =

= v(1,k)vx(1,k) = 0, whereas v ¥ constant.
C. Since v(x,0) = 1, x(A) cannot intersect the segment A = 0, -1 < x < 1.
D. By definition, v(-1,A) = 1 and therefore x(A) cannot intersect the seg-
ment x = -1, 0 £ A < X.

~

E. x(A) cannot intersect the segment A = X, -1 < x £1, for then for some A

we would have vx(x(i),i) = 0.

v A

Figure 6
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We have excluded every possibility, and thus it is shown that V(X,X) > 0 for
-1 £ x < 1. Furthermore, the identity Qﬁ(v(.,i)) = v(1,X)vX(1,X) implies that
vx(1,i) 20 if v(1,X) > 0. [

9. GATHERING TOGETHER THE PIECES

Let us apply the general criteria to the equilibria of (5.1).

THEOREM 9.1. If either fil g(x)£'(u)dx > 0 or ffl g(x)f'(u)dx = 0 and
g(x)£' (u) <s not Zdentically zero, then V(u) is not a minimum, and if u is

isolated, then u is unstable.

PROOF. If fii g(x)£f'(u)dx > 0, then Qu(c) < 0 for all nonzero constants. If
fil g(x)f'(u)dx = 0, then Qu(c) = 0. Suppose Qu(¢) 2 0 for all ¢ € Hi; then
constants minimize Qu. Since constants do not satisfy (8.4) this is impos-

sible. So in all cases Qu(g) < 0 for some $ € Hl, and the conclusion follows

from Theorems 8.1 and 7.3. [J

In the special case g(x)f'(u) = 0, linearization yields no information
and one has to consider higher order derivatives. We eliminate this possibil-
ity for the trivial equilibria by a further assumption concerning the func-

tion f.
ASSUMPTION. f£'(0) > 0, £'(1) < 0.
COROLLARY 9.2. If fil g(x)dx .= 0, then w* is nontrivial for all A.

PROOF. We have to exclude the possibility that one of the trivial equilibria,
though not a minimum, minimizes V on X. Since Q (tl¢[) = (¢), i=o0,1,
we may suppose that ¢, from the proof of Theorem 9.1, satlsfles ¢ 0 if

i =0 and ¢ < 0 if i = 1, and thus neither uO nor u1 minimize V on X. [J

The following lemma will be useful in discussing the case

fil g(x)£'(u)dx < 0.
LEMMA 9.3. Let fil g(x)f'(u)dx < 0; then there exist B > 0, y > O such that
-1 -1 1 1

J ¢2dx > B J ¢2dx on {¢ | J g(x)f'(u)¢2dx > -y f ¢2dx}.
-1 X -1 -1 -1
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1
PROOF. Choose -2y > f_1 g(x) f' (u)dx. Suppose for each B > 0 once can find
¢ € H1 such that

1 2 ! 2
(9.1) J g(x)f'(u)¢ dax > -y J ¢ dx
1 -1

and

! 2 1 2
J-l ¢xdx < B f_l ¢ dx.

Since all expressions are quadratic we can normalize ¢ by Iil ¢2dx = 1. Choose
a sequence Bn ¥ 0 and take a corresponding sequence ¢n Hl. From the normal-
ization and f (¢ )zdx->0 it follows that {¢ } is bounded in H1 and therefore
a subsequence converges weakly to an element of Hl, say ¢ From f ¢idx =0

and f -1 ¢ dx = 1 we deduce that ¢ = } almost everywhere, and hence from
1 ~2 ! ~2
g(x)f*(u)¢ dx > -y ¢ dx
-1 : -1

1
we obtain f_1 g(x)f'(u)dx 2 -2y which contradicts the chosen property of vy. [

THEOREM 9.4. If Iil g(x)f'(u)dx < 0 and g(x)f'(u) < 0 for -1 < x < 1, then

u s stable.

PROOF. We show the existence of a number a > 0 such that Qu(¢) > a"¢"2 for
all ¢ € Hl, and then the conclusion follows from Theorem 8.3. Let B, y be

as defined in Lemma 9.3. For arbitrary ¢ € H1 we have either

! 2 vy LY
J g(x)f'(u)¢"dx < -y J ¢“dx and then Qu(¢) > J {¢X+AY¢ }ax,
-1 -1 -1

1 2 b, 1o,
{ g(x)f'(u)¢"dx > -y J ¢“dx and then Qu(¢) > I ¢xdx
-1 -1 -1

v

1

if {o2+0%}ax.
_1 X

Take a = min(Ay,$,38). 0O

In the beginning of Section 5 we assumed that g takes both positive and
negative values on [-1,1] and therefore Theorem 9.4 is not applicable to the

trivial equilibria.
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Suppose g(x)f'(u) changes sign on [-1,1]; then the set
1t 2
Y = {¢ e® | f g(x)£' (u)¢“dx > o}
-1

is not empty. Consider the so-called Rayleigh quotient

iz ¢idx
(9.2) K(¢) = .

I g(x) £* () ¢2ax

K is bounded from below on Y and we define

(9.3) A, () = inf K(¢).
deY

THEOREM 9.5. Suppose fil g(x)£' (u)dx < 0 and g(x)£' (u) changes sign on [-1,1].
If it turns out that

(i) Al(u) > X, then u is stable;

(ii) Al(u) A, then Q,(¢) 20 for all ¢ € gt and vx(l) = 0;

(iii) Al(u) < A, then V(u) <8 not a minimum and <f u is isolated, then u s

unstable.

PROOF.
(i) Write A = (l—é)xl(u). Whenever fil g(x)f'(u)¢2dx > 0 the definition of
Al(u) implies § fil ¢idx < Qu(¢). Since § < 1, this assertion remains

true if ffl g(x)£' (w)o2dx < 0. If

1 2. - 12 Vo2 2
J gix)f'(u)¢“dax > -y j ¢“ax, then Q (¢) = 48 J {6, +B¢" }ax
-1 -1 u -1 X
by Lemma 9.3, whereas in the opposite case Qu(¢) 2 fil {¢i+AY¢2}dx.
Let a = min(\vy,368,368) and apply Theorem 8.3.

(ii) The first part follows from the definitiocn of Al(u). For the second
part we can take a minimizing sequence in Y n {¢ € gl | fil ¢2dx =1}
and use the weak lower semi-continuity of Qu (compare the proof of
Theorem 6.2). We obtain a solution of equation (8.4) subject to homo-
geneous Neumann boundary conditions and, by the linearity of equation
(8.4), this solution must be cv for some constant c # O.

(iii) This follows from the definition of ll(u) and the Theorems 8.1 and

7.3. 0O

Theorem 9.5 tells us that the calculation of a number ll(u), defined in
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terms of the Rayleigh quotient (9.2), gives quite a lot of information con-
cerning the stability of u. The relation with the linearized equation is

even more explicit in the criteria of the following corollary.

COROLLARY 9.6. Suppose g(x)f'(u) s not identically zero.

(i) A sufficient condition for stability of u Zs: v > 0 for -1 < x < 1 and
vx(l) > 0.

(ii) If u is tsolated, then the conditions v > 0 for -1 < x < 1 and vx(l) >0
Zf v(1) > 0 are necessary for stability.

PROOF .

(i) By Theorem 8.4(i), Q (¢) 2 0 for all ¢ € Hl. This excludes
Iil g(x)f'(u)dx = 0 and f 1 g(x)f'(u)dx < 0, A > A (u), whereas A =
= Al(u) is excluded by vx(l) > 0. .

(ii) By Theorems 9.4 and 9.5, Qu(¢) > 0 for all ¢ € H and the conclusion

follows from Theorem 8.4(ii). [

In general, if we let A vary, equilibria are functions of A and conse-
quently Al is a function of \. But in the special case of the trivial equi-

libria u0 and ul, Xl is a number independent of A.

THEOREM 9.7.
(i) Suppose f 1 g(x)dx < 0; then u* is nontrivial for A > A (u ).
(ii) Suppose f 1 g(x)dx > 0; then u* is nontrivial for A > A (u ).

PROOF .
1
(i) Theorem 9.1 shows that u does not minimize V on X, and Theorem 9.5 im-
plies the same for uo.

(ii) Exchange w® and u! in the above. [

10. BIFURCATION OF EQUILIBRIA

In this section the dependence of equilibria on A will be studied in
some more detail. In particular, the bifurcation at A = Al of a nontrivial
solution from the trivial one will be investigated. The ideas and methods
of bifurcation theory are described in [18]. We mention the Lyapunov—Schmidt
method, which is essentially a way of constructing a scalar equation for
some parametrizing quantity. The following cbservation shows that, in this

particular problem, a scalar equation can be found directly.
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The theorems on the existence and uniqueness of solutions of the ini-
tial value problem for ordinary differential equations (see [17, Chapter 11])
show that the problem of finding equilibria is equivalent to -the problem of

finding those values of the real variable a for which u(x,a,)A) defined by

(10.1) u + Ag(x)f(u) = 0,

(10.2) u(-1,a,)) = a, ux(—l,a,k) =0,
satisfies

(10.3) ux(l,a,A) =0,

(10.4) 0<ucx<i for x € [-1,1].

The scalar equation we have in mind is (10.3). But before we proceed, we

state as another consequence a sufficient condition for isolated equilibria.

THEOREM 10.1. Let £ and g be (real) analytic functions. Then the number of

equilibria is finite.

PROOF. Since the result concerns a fixed value of A, we suppress the depen-
dence on A in the notation. The assumption implies that ux(l,a) is an analy-
tic function of o. Suppose there are infinitely many a € [0,1] for which
ux(l,a) =0and 0 <u<1 for x € [-1,1]. Then ux(l,a) = 0. By continuity

the set
I=1{ael0,1]1]0<u(x,a) <1 for all x ¢ [-1,1]}

consists of a number of closed intervals. Suppose y # 0,1 is an end point

of such an interval. Then either u(§,y) = 0 or u(§,y) = 1 for some X € (-1,1].
Since ux(l,Y) = 0 the case x = 1 is excluded by the uniqueness theorem. But

0 £ u(x,y) £ 1 implies ux(x,y) =0 if x € (-1,1) and therefore, invoking

uniqueness again, no such X can exist. Finally, if I = [0,1], then from

(the second equality follows from %% € H1 and the fact that u is a critical

point of V), it follows that V is constant for all o € I. Thus the assump-
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tion leads to V(uo) = V(ul) = V(u*), which cannot be true if A # 0. [0

In the bifurcation analysis we confine ourselves to the representative
case fil g(x)dx < 0. Then uo is stable for A < Xl(uo) and, if isolated, un-
stable for A > Al(uo). We are looking for "small" solutions (i.e., small

[al) of the equation
®(a,r) =0, where ¢ (a,A) = ux(i,a,A).

We note that v(x,a,\) = %ﬁ{x,a,k) satisfies (8.4) and (8.5). Take a = 0. As

long as A < Xl we know from Theorems 9.5 and 8.4 that v(x,0,)) > O for

~

-1 <x <1 and vx(l,O,A) > 0 (recall that Qu(v) = v(l,a,A)vx(l,a,A)). Thus
%gfo,x) = vx(l,O,A) # 0, and the implicit function theorem implies unique-
ness of the small solution of ¢(a,\), which solution is of course a = O.
Since vx(l,O,Al) =0, at A = Xl a bifurcation may occur. The uniqueness
theorem implies v(1,0,A1) # 0 and thus v(x,O,Al) > 0 for -1 < x £ 1. By con-

tinuity v(x,0,A) > 0 for -1 < x < 1 and X,o0 in a neighbourhood of A, ,0. In-

1

voking Theorems 9.5 and 8.4 again, we conclude that vx(l,O,A) < 0 for A > Al

and A - Al sufficiently small. So we know

99 3%
(10.5) 3500 > 0 for A <A, 3500 <0 for A > A, and |X-A1|
small.
32®

2 The next goal is to ca;culate ——E%O,AI) = zx(l,O,Al), where z(x,0,A) =
= é—-‘%(x,o,)\) satisfies 9o

30,
(10.6) zxx + Ag(x){f"(O)vz(x,O,A) + £'(0)z} = 0,

2(-1,0,}) ='zx(-1,o,x) = 0.

We multiply (10.6) by v(x,0,A), integrate by parts twice, and use (8.4), to

get for A = Al

1
v(1,0,x,)z (1,0,A,) + A _£"(0) g(x)v3(x,0,A )dx = 0.
1" "x 1 1 -1 1

Multiplication of (8.4) by vz(x,o,kl) followed by integration by parts yields

1 1
2| v2(x,0,A)v(x,0,A,)0dx + A £(0)| g(x)v°(x,0,A,)dx = 0,
T 1 1 1 » 1
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and we obtain

R 2£"(0)

20N T Fova,oay

1
v2(x,O,A yv(x,0,A,)dx.
X 1 1
Ja -1

Since V(x,O,Al) > 0 for -1 < x <1 and £'(0) > 0 we conclude that

82¢
(10.7) sign ——Exo,xl) = -sign £"(0).

oo
In order to reduce the amount of calculation we assume that £"(0) # O (if
£f"(0) = 0 we have to consider higher order derivatives). From (10.5) and
(10.7) we infer that ®(a,A) = 0 has two roots, o = 0 and o = a(A). The ini-
tial shape of the curve of bifurcating solutions and the stability character

are shown in Figure 7.

S
fll(o) <0 f"(O) > 0
Figure 7
Taylor expansion yields
’ 0
(10.8) u(x,a(d),A) = (A=2)z=()v(x,0,1,) + o(]x-xll),

and hence u(x,a(A),A) =2 0 for x € [-1,1] if a(A) > O. So in the case

£"(0) < O the bifurcating solution belongs to X for A > A, and is a candidate

1
*

for being u , whereas if £"(0) > O the bifurcating solution belongs to X for
A< Al and it cannot possibly be u*. If £"(0) > O the situation might be as

shown in Figure 8, but it might be much more complex as well.
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Ay AI\\\\\\\ > A
S

Figure 8

APPENDIX

In this appendix we show the one-to-one correspondence between the
classical solutions of the boundary value problem (5.3), (5.4), solutions
of the generalized problem (6.1), and the critical points of the functional
V defined in (6.3). '

The fact that critical points of V and solutions of (6.1) are the same

follows from

V(u+t¢)-V(u)‘=
t

lim
t>0

-1 1 2.2 2 2
lim t {J (tux¢x+§t ¢X—tkg(x)f(u)¢—t Ag(x)£' (u) ¢ +...)dax}
t>0 -1,

1
J_l{ux¢x—kg(x)f(u)¢}dx.
Let u satisfy (5.3), (5.4), and let ¢ € Hi. Then multiplication of (5.3)
by ¢, followed by integration by parts, yields (6.1).
Suppose u € H1 is such that (6.1) holds. Let g be the solution of

Ay = g(x)£(u), q(-1) = qx(-l) = 0.

For those ¢ € C2 that satisfy ¢x(tl) = 0, ¢(1) = 0, partial integration yields
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1
J (u+Aq)¢xxdx = 0.
-1
One of the basic lemmas of the calculus of variations ([15, p.10]) shows

u(x) + Ag(x) = co + clx.
Hence u is at least twice differentiable and u satisfies (5.3). Partial in-

tegration of (6.1) now yields
u (1)¢(1) - u (-1)¢(-1) =0  for all ¢ ¢ ',

and thus u satisfies (5.4) too.
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II. EXISTENCE AND UNIQUENESS OF ONE-DIMENSIONAL NONLINEAR PARABOLIC EQUATIONS

In this chapter we introduce some topics that will be needed in the fol-
lowing chapters. Section 1 gives results based on the maximum principle. Many
problems on the existence and uniqueness of solutions of differential equé—
tions can be solved using these methods. In Section 2 function classes are
discussed. In the previous chapter something was said about the Sobolev space
Hl. Here, we give more information about Sobolev function classes, together
with Holder classes. In the last section results from the theory of nonlinear
parabolic differential equations are given. We give theorems on the existence
and reqularity of equations of this kind.

The topics in this chapter are not treated to their full extent. We have
tried to give those results that will be needed for specific problems in la-
ter chapters, and the results are therefore not formulated in the most gener-

al form.

1. MAXIMUM PRINCIPLES

In this section we consider an important and powerful tool in the study
of second order partial differential equations: the maximum principle. This
principle is a generalization of the elementary fact of calculus that any
twice continuously differentiable function f which satisfies f" > 0 on an
interval [a,b] achieves its maximum value at one of the end points of the
interval.

The maximum principle serves as a fundamental basis for the proofs of
uniqueness of various boundary value problems. Moreover, estimates for the
solutions of partial differential equations can be made using the maximum
principle.

Although the proofs required to establish the maximum principle are
rather elementary, not all of them are given in this section. Also, only a
few facts about the maximum principles are given, which are basic for the
following chapters. For more details the reader is referred to the general

reference for this section, the book of PROTTER & WEINBERGER [6].

i.i. The one-dimensional maximum principie

If a twice continuously differentiable function u in an open interval

(a,b) has a relative maximum at some point x € (a,b), then
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u'(x) = 0 and u"(x) < 0.
Suppose that u is known to satisfy a differential inequality of the form
(1.1) u"(x) + g(x)u'(x) > 0, X € (a,b),

where g is a bounded function on (a,b). Then such a u cannot have a relative
maximum in (a,b) and if, moreover, u is continuous on the closed interval

[(a,b], then

(1.2) u(x) < M = max{u(a),u(d)}, x € (a,b).

However, in applications where differential equations are studied, u satisfies
(1.3) u"(x) + g(x)u'(x) =2 0, x € (a,b).

Then, too, (1.2) holds and, moreover, if u(x) = M for some x € (a,b), then

u(x) = M. In proving this one uses an auxiliary function v in order to re-
duce this case to one where the strict inequality (1.1) holds: assume that
there are a < ¢ < d < b such that u(c) = M' # u(d), where M' 2 M =

max{u(a),u(b)}. Let

vi(x) = ea(x—c) - 1;

then
v'(x) + g(x)v'(x) = a{a+g(x)}eu(x_c) > 0

if a is sufficiently large. For positive e < [M'-u(d)|/v(b) let

w(x) = u(x) + e v(x).

Then
w" + gw' > 0,
w(a) < M',
w(c) = M'

and

M' < w(d),
w(d) < M', or {w(b) < w(d),

depending on whether M' > u(d) or M' < u(d), respectively. This can never
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happen, since w cannot have a maximum at an interior point of (a,d) or (a,b).
If we had assumed d < ¢, we should have taken

-a(x-c)
= e

v (x) - 1.

It is easy to see that a function u satisfying
(1.4) u"(x) + g(x)u'(x) + h(x)u(x) > 0, x € (a,b)

cannot have a nonnegative maximum in the interior of (a,b) when h < 0 on
(a,b). If u only satisfies (1.4) with the 2> sign, we proceed as before,
choosing o so large that

+a(x-c)} > u2 - algx)| + h(x) >0

a2 t ag(x) + h(x){1-e
on (a,b). This is always possible if g and h are bounded on (a,b). We can
apply the same argument to any sukinterval of (a,b), so that it is sufficient
for g and h to be bounded on any closed subinterval of (a,b). Thus we have

obtained the following theorem.

THEOREM 1.1. If a twice continuously differentiable function u on an open

interval (a,b) satisfies the differential inequality
(1.5) u"(x) + g(x)u'(x) + h(x)u(x) 2 0, x € (a,b),

with h(x) < 0, 2f g and h are bounded on any closed subinterval, and if u
attains a maximum M, which is nonnegative if h # 0, at an interior point of

(a,b), then u(x) = M.

The condition that g and h are bounded cannot be omitted without fur-

ther restrictions. The equation
" 3 1]
u"(x) - =u'(x) =0
X

4
has the solution u(x) =1 - x  in the interval (-1,1), which attains a maxi-
mum at x = 0. However, from Theorem 1.2 it will follow that the conclusion
of Theorem 1.1 holds for a continuously differentiable function u on (a.b),

with a < 0 < b, satisfying

u"(x) + l-u'(x) >0
X
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for all x € (a,b), with the exception of x = 0 if u is not twice continuous-
ly differentiable there (for example u(x) = %Yx for x = 0 and u(x) = 0 for
x < 0).

The functions u of Theorem 1.1 that are continuous on [a,bl attain their
maximum at the boundary of (a,b), but at the point c where the maximum is-at—
tained we do not have that u'(c) = O unless u is constant. For, let u satisfy
(1.5), let u(a) = M and let u(d) < M for some d ¢ (a,b), and let M 2 0 if
h Z 0. Choose a sc large that the function

v(x) = ea(x-a)

satisfies the strict inequality (1.4). This is possible if g(x) + (x-a)h(x)

is bounded from below. With 0 < € < (M-u(d))/v(d) we define the function
w(x) = u(x) + € v(x).

Since w satisfies (1.4) in (a,d), the maximum of w must occur at one of the

end points. We have w(a) =M > w(d), so that the maximum occurs at a. Hence
w'(a) =u'(a) + € v'(a) £ 0,
and since v'(a) = a > 0 we finally get

u'(a) < 0.

THEOREM 1.2. Suppose that u is a nonconstant solution of the differential
inequality (1.5) having one-sided derivatives at a and b, that h(x) < 0,
and that g and h are bounded on every closed subinterval of (a,b). If u has
a relative maximum at a which is nonnegative if h 0, and if the function
g(x) + (x-a)h(x) s bounded from below at x = a, then u'(a) < 0. If u has a
relative maximum at b which is nonmnegative <f h # 0, and 1f g(x) - (b-x)h(x)
is bounded from above at x = b, then u'(b) > O.

1.2. The maximum principle for the Laplace egquation

As our main interest is in parabolic equations, in this section we only
. . n A
give results for the Laplace operator A in a domain D ¢ R, similarly to
Theorems 1.1 and 1.2. We assume that u is a twice continuously differentiable

function in D.



30

THEOREM 1.3. Let u satisfy the differential inequality
(1.6) Au(x) + h(x)u(x) 2 0

in a domain D c Ifx where h s a nonpositive function which is bounded on
any compact subset of D. If u attains a maximum M, which is nonnegative if

h # 0, at an interior point of D, then u(x) = M.

THEOREM 1.4. Let u satisfy the differential inequality (1.6), where now h is
nonpositive and bounded in D. Suppose that u < M in D, u Z M, that u = M at
a boundary point P of D, and that M 2 0 Zf h Z 0. Assume furthermore that P
also lies on the boundary of an open ball in D. If u 18 continuous in D u P
and 1f an trmward directional derivative 3du/dv exists at P, then

Ju

R)-(O at P.

The proofs of these theorems can be found in [6, Chapter II, Th. 2, 6
and 7]. The same argument as in Section 1.1 is used, here with the function
v something like exp(-o 2?=1 xi). ’

If u is continuous on D and if D is bounded, then the functions u of

Theorem 1.3 satisfy

(1.7) u(x) <M =max u(y), X € D,

yeaD
where M must be nonnegative if h Z 0. If u Z M, then the strict inequality
holds (cf. (1.2)). In the unbounded domain D = {(x,y) | 0 <y < 7} c R% the
function e* sin y is harmonic, vanishes on the boundary 3D of D, but is pos-
itive everywhere in D. ﬁowever, if we moreover require that u is bounded on
D, then (1.7) holds for unbounded domains too [6, Chapter II, Section 9].

A minimum principle arises if we change the sign 2 into < in (1.6) and
< into 2 in (1.7), provided that M < 0 if the nonpositive function h does
not vanish identically.

The maximum principle can be applied to prove the uniqueness of a
bounded harmonic function in a domain D which tends to prescribed values at
the boundary of D. Since the difference of two such functions is harmonic
in D and vanishes on 9D, it is nonpositive in all of D. For the same reason
it is nonnegative in all of D, and hence it is identically zero.

Another application of the maximum principle (and the minimum principle)

yields estimates for the solution of a boundary value problem where this so-
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lution is not known exactly: Let an elastic membrane be braced between the

points of the set
{(x,y,2) | x=0, Osys<m, z=f(y)} u {(x,y,2) | z=0, y=0 or y=m, Os<x<a},

where f is a continuous function on [0,7] vanishing at O and .

Figure 1

We want to have an estimate of the height z of the membrane on { (x,y) |
x =a, 0 <y < a}. In this set, which is a free boundary for the membrane,

we have 93z/dx = 0. Assume that o 2 0 and B = 0 such that
a + B siny 2 £(y), y € [0,7].
Let u be the function

cosh (x-a)

cosh 2 ' (x,y) € [0,a] x [0,n].

u(x,y) = (o+B sin y)

We extend the domain of definition of the functions z and u to the set

D = [0,2a] x [0,7] by reflecting z and u with respect to x = a. Then
Jdu 9z
ax(a,y) = sg(a,y) =0 for vy € [0,7]

and u satisfies
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Au 20 in D,

u(x,0) = u(x,m) = acosh(x-a)/cosh a > 0,
u(0,y) = z(0,y), y € [0,7],
u(2a,y) 2 z(2a,y), y € [0,n].
Hence
o+f sin y r
z(asy) < cosh a ' y € [0,m].

In the same way, if v 2 0 and § 2 0 are such that
-y-§ sin y < £(y), y € [0,7],

we get

-y-§ sin y

cosh a ’ y € [0,n].

z(a,y) 2

Similarly, if a = ©» and z is bounded, we take

u(x,y) (a+B sin y)e_x
and find

(-y-6 sin y)e_x < z(x,y) £ (o+B sin y)e-x, x > 0, y € [0,n].

1.3. The maximum principle for one-dimensional parabolic equations

The differential operator

2
3 9 d
-8 SN I T T
ox

with £ and g functions in a domain D in the (x,t)-plane, is said to be uni-

formly parabolic in D if there is a positive constant p such that
£(x,t) 2y, (x,t) € D.

Throughout this section we assume that u, u s uxx and u_ are continuous
functions in D.
First we will prove a maximum principle, similar to (1.2), when D is

rectangular,
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D={(x,t) | a<x<b, 0<t<ThH
However, unlike (1.7), we do not need all of the boundary: on the part t = T,
a < x < b of the boundary of D u cannot be larger than on the rest of the
boundary.
Let £ and g be bounded functions on D, let ux, uxx and ut be continuous
on (a,b) x (0,T], and let u be continuous on D. Then for x

to € (OIT]

0 e (a,b) and

(1.9) u(xo,to) < M = sup{u(x,t) i (x,t) € 3D and t < to}

provided that u satisfies

Lu 20 in D
or

(L+h)u 2 0 in D

if h is bounded on D, h < 0 and M > 0. The proof uses a similar argument to

that in Section 1.1. Let
2
vix,t) = exp(—a(x-xo) ) -1

with o so large that (L+h)v > 0 in D, i.e., with a so large that
2 2
40 f(x,t)(x—xo) - 2a{f(x,t) + g(x,t)(x-xo)} + h(x,t) > O.

The function w = u + v satisfies
(L+h)w > O,

and if u(xo,to) > M, then for t < t0 and (x,t) € 3D (but if to = T and

t=t,, only for x = a or b)

w(x,t) < w(xo,to).

This cannot be true, since if it were there would be x1 e (a,b) and

t1 e (0,T] such that

2
3w ow _ w >
sz(xz’ti) <0 % Xprt) = 0 3t ¥108) 2 0

and if h # 0, then also w(xl,tl) > 0, which contradicts (L+h)w > O.
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In fact a stronger result holds: if the maximum occurs in ka,b) x (0,T],
then u must be constant in a certain region. We will formulate this result
[6, Chapter 3, Th. 2 and 4] and a result similar to Theorems 1.2 and 1.4 [6,
Chapter 3, Th. 3 and 4] for general domains D in the (x,t)-plane.

THEOREM 1.5. Let D be a domain in the (x,t)-plane. Let the functions £, g
and h be bounded on any compact subset of D, let h < 0 and let the differ-
ential operator (1.8) be uniformly parabolic in any compact subset of D. If

(L+h)u =2 0 in D,

if (xo,to) e D 78 such that u(xo,to) = M, while u(x,t) < M for (x,t) € D,

t <ty and if M > O when h # 0, then u(x,t) = Mon {(x,t) | ¢t = tor

X € [xl,xzj} c D with X, S xg <X, and on {(x,t) | x = Xgr t o€ [tl,to]} cD
with t <ty
D
(xo,to)
L \
/ \
/ \
7\ 1\
¥ ]/ . \
/ \ \
/
_/
C ~
AN
Figure 2

THEOREM 1.6. Let D be a domain in the (x,t)-plane, let the functions £, g
and h be bounded on D, =D n {(x,t) | t < T,} for any T, let h < 0 in D,
and let L, given by (1.8), be uniformly parabolic in any D,. Let (L+h)u 2 0
in D. Suppose that P is a point on the boundary of D where the maximum M oc—
curs, and that the normal to 3D at P is not parallel to the t-axis. Further—
more, suppose that at P a circle tangent to 3D can be constructed whose in-

tertor lies entirely in D and such that u < M in this interior and that
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M20<%fh#O0. If uis continuous in D u P and Zf an trward directional
derivative 3u/3dv exists at P, then
Ju

v <0 at P.

Whether D is bounded or not, bounded solutions u of (L+h)u 2 0 in D
are maximal on that part of 3D which is not a horizontal upper boundary (we
choose the x-axis horizontal and the t-axis vertical), provided that this
maximum is nonnegative if h # 0. From this property one can derive the

uniqueness of solutions of parabolic differential equations.

COROLLARY 1.7. Let D = (a,b) x (0,T) with 0 < T < = and let

D, =D n {(x,t) | t < Tl}' Let h be a funetion in D which is bounded from
below on any compact subset of D and bounded from above on D, for any T, < T,
and let L be as in Theorem 1.5. Let ¢ be a bounded piecewise continuous func-—

tion in (a,b). Then there is at most one function u, bounded and continuous on

{la,p] x (0,7,1} v {(x,0) | w(x) is continuous}

for any 0 < T, < T, with
(L+h)u = 0 in D,
u(x,0) = y(x), a<x<«<b, Vv(x) s continuous,
u(a,t) = u(b,t) =0, 0<t<T.

-\t
PROOF. Let u, and u, both be solutions, and let v(x,t) = e {ul(x,t)—uz(x,t)}

1 2

with A so large that h - A < 0 in Dl' Then v satisfies

(L+h-A)v = 0,
v(x,0) = 0, v(a,t) = v(b,t) = 0.

Therefore v < 0 everywhere in D,, and similarly -v < 0, so that v = 0; hence

1

u, = u, in every Dl' and thus in D. [

1 2

COROLLARY 1.8. Let D, ¥ and h be as in Corollary 1.7 and L as in Theorem
1.6. Then there is at most one solution u, bounded and continuous on
D1 v {(x,0) ] Y(x) is continuous} with u continuous on [a,b] x (0,T), of

(L+h)u = 0 in D,
u(x,0) = ¥(x), a<x<b, V(x) is continuous,

ux(a,t) = ux(b,t) =0, 0<tc<T.
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PROOF. Let u1 and u2 both be solutions and let
v(ix,t) = {ul(x,t)-uz(x.t)} exp[—(x—C)z-At],

where ¢ € (a,b) and A so large that

A2 4 f(x,t)(x-—c)2 + 2g(x,t) (x-c) + 2f(x,t) + h(x,t), (x,t) € Dl'

Then v satisfies

fvxx + [g+4(x—c)f]vx -Vt [4(x—c)2f+2(x—c)g+2f+h-A]v =0 in D,

v, (a,t), v(b,t) = i S (b,t).

v(x,0) =0, v(a,t) 2-0) x

SN S
2(c-a)
If the maximum M of v on D, occurs on {(a,t)| 0< ts'rl} U {(b,t)l 0< tS'rl},

1
it must be nonnegative and for some t_ € (O,Tl]

0

1

vty T oy Yxlrt) < 0

or
M= -v(b,t) ==——— v (b,t) >0
0" T 2(b-c) x ') T 7

Therefore M = 0 and similarly, applying the argument to -v, we find that v

< T, and hence u, = u_, in D. [

is nonnegative. Thus v = 0 in D, for any T 1 2

1 1

We can compare two solutions of nonlinear parabolic equations by means
of the maximum principle and the mean value theorem. Let F(x,t,u,p) be a
function on (a,b) x (0,T) X R xR which is continuously differentiable with
respect to u and p, such that Fu is bounded from above on (a,b) x (O’Tl) X

R xR for any T1 < T. We consider the differential inequality

uxx(x,t) + F(x,t,u(x,t),ux(x,t)) - ut(x,t) > 0,

(x,t) € (a,b) x (0,T) = D.
Let w be a solution of

w v(x,t) + F(x,t,w(x,t),w_(x,t)) - w_(x,t) <0, (x,t) € D.

P
X

Define a function g in D by
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F(x,t,u(x,t),ux(x,t))—F(x,t,u(x,t),wx(x,t))

u (x,t)-w_(x,t) e 1E 0 08 £ v (28,

g(x,t) =
%E{x,t,u(x,t),u (x,t)), if u (x,t) = w (x,t),
P X X x

and a function h by

F(x,t,u(x,t),wx(x,t))—F(x,t,W(x,t),wx(x,t))

u(x,t)-w(x,t) , if u(x,t) # wix,t),
h(x,t) =

Eg(x,t,u(x,t),w (x,t)), if u(x,t) = w(x,t).
ou X

Then by the mean value theorem g(x,t) equals
Fp(x,t,u(x,t),e(x,t)ux(x,t) + [1—6(x,t)]wx(x,t))

for some function 6 between zero and one, and g is bounded on any compact

subset of D. Similarly, h(x,t) equals
Fu(x,t,e'(x,t)u(x,t) + [1—6'(x,t)]w(x,t),wx(x,t))

and h is bounded from above on D1 = (a,b) X (O'Tl) for any T1 < T. Now the

function v = u - w satisfies vxx + gvx - vt + hv 2 0 in D. Similarly to

Corollary 1.7, the following theorem holds.

THEOREM 1.9. Let D = (a,b) x (0,T), where a 2 -, b < ®, 0 < T < =, Let

F(x,t,u,p) be a function on D X Rz such that Fo and Fp are continuous and
% mz, where D, = (a,b) x (O,Tl), for

< T, Let u and w be two bounded functions in D, which converge

that F s bounded from above on D

any 0 < T,

to piecewise continuous functions on (a,b) x {0}, and if a > -= also on
{a} x (0,T), and ©f b < = also on {b} x (0,T), satisfying
wxx + F(x,t,w,wx) - wt < uxx + F(x,t,u,ux) - ut n D
w(x,0) =2 u(x,0), x ¢ (a,b).

Moreover, if a > - assume that

w(a,t) = u(a,t), t € [0,T)
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and Zf b < =, assume that
w(b,t) 2 ult), te [0,T).

Then w 2 u in D and if w(x,0) > u(x,0) in an open interval of (a,b), then

w > u Zn D.

The last inequality follows from the fact that the function u - w cannot

attain its nonpositive maximum at a point of D without being constant.

COROLLARY 1.10. Let D and F be as in Theorem 1.9 and let ¥ be as in Corollary

1.7. Then there is at most one bounded function u, continuous on

D u {(x,0) | ¥(x) s continuous} u {(a,t) | 0<t<T, <f a > -w}

u{b,t) | 0<t<T, if b < =},

with

(1.10) uxx‘+ F(x,t,u,ux) -u = 0 in D
u(x,0) = ¥(x), x € (a,b), V(%) 78 continuous
u(a,t) =0, t e (0,T) if a > -
u(blt) = 0l t e (OIT) if b < o,

Just as Theorem 1.9 can be derived with the aid of Corollary 1.7, so

the following corollary follows from Corollary 1.8.

COROLLARY 1.11. Let D and F be as in Theorem 1.9 and moreover Let Fp be
bounded on D, x R? for any 0 < T, <T. Let a > - agnd b < » and let ¢ be
as in Corollary 1.7. Then there is at most one function u, continuous on

D u {(x,0) l Y(x) s continuous}t with u continuous on [a,b] x (0,T) satis—
fying (1.10) Zn D and

u(x,0) = ¥(x), a<x<b, V(x) Zs continuous,

ux(a,t) = ux(b,t) =0, 0O<tc<mT,

REMARK 1.12. In Theorem 1.9 and Corollaries 1.10 and 1.11 it would actually
t

be sufficient if instead of Fu and Fp being continuous, F were only Lipschitz

continuous with respect to u and p, uniformly in any D1 X R .
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2. FUNCTION SPACES

In this section we will treat two classes of function spaces, namely
HSlder spaces and Sobolev spaces. The first one consists of continuously
differentiable functions. Functions of the second class only have weak deri-
vatives, i.e., derivatives in a distributional sense: let f be a locally in-
tegrable function in an open set D < If% then the function g is called the

weak derivative of £ with respect to x, (g is also denoted by af/axi) if

j g(x) ¢ (x)dx = - J £(x) ;}(x)ax
D D i

for all Cm—functions ¢ with support in D. Note that not all locally inte-
grable functions in Q have distributional derivatives which are functions

as above, but in general they are distributions (see [7]). If a function is
differentiable, weak derivatives equal ordinary derivatives. In this section
we always assume that D is a domain in Ifl such that the boundary of its

interior is the same as the boundary of its closure.

2.1. HOlder spaces

A function f in a domain D is called uniformly H6lder continuous in D

with exponent o, 0 < a < 1, if for all X,y € D
l£(x)-£(y) | < Klx-yl|®

for some K > 0. If a = 1 we also say that f is Lipschitz continuous. Let

JHOL(D) is the space

0 <o <1 and let % be some nonnegative integer. Then C
of all continuously differentiable functions £ in D up to order &, such that
the derivatives of order % are Hdlder continuous in D with exponent o and

such that the following norm is finite:

k k
k D -
(2.1) I£1, aef sup [D°E(x)| + sup bfe-D £l
+0 o
XeD x,yeD [x-y|
k< |k|=2

If D is not open, it is required that the derivatives of order < % can be
. 240 .

continuously continued from the interior of D to all of D. C (D) is a

Banach space (see [10, Section 77). If & = 0, we sometimes denote the last

term of (2.1) by Ifla and then we have actually IflO+a = lifll°° + Ifla.



40

THEOREM 2.1. Let 0 < a <1 and 0 < B < 1, and let k and % be two nonnegative
integers such that k+o > L+8. Furthermore, let D ¢ R" be bounded and con-
vex or bounded with a Cm—boundary. Then the identity map

Ck

2+B

1: ) » B (p)

s compact.
PROOF. See [10, Section 28, Th. 7 and 8]. [J

The requirement that the boundary 3D of D is c” is too strong; see [10]

for milder conditions.

2.2. Sobolev spaces

Let, for 1 < p < =, Hm’P(D) be the space of functions £ in the open do-
main D c Iin, all of whose distributional derivatives up to order m are func-

jol
tions in L* (D). Under the norm

. 1/p
e ot { ) f |Dkf(x)!de}
! |k[<m ‘D

#"'P(D) is a Banach space (see [9, Section 11]). Hm'z(D) is a Hilbert space;

the inner product is denoted by (.,.)m. If p =, Hm'm(D) is the space of
continuously differentiable functions f up to order m, such that the fol-

lowing norm is finite:

Tel 98F gup D% 1.
m,®
xeD
|k|<m
. . . gore m . . .
In this case we sometimes write (D) =C (D), and as in the last section it

can be defined if D is not open too. The norm might also be denoted by I.Im.
It is only in places where all these spaces are used at the same time
that one must be careful with the notation. However, if it is clear with
which type of spaces one is dealing, the symbols denoting this type are not
always written. For example, if one is concerned only with Sobolev spaces
with p = 2, one often writes H" (D) with norm "'"m’ or if only sup-norms oc-

cur the symbol « may be omitted.
“ 5 m,p . : m,p
THEOREM 2.2. C (D). n u '“(D) Zs dense in H'P(D), 1 < p < .

PROOF. See [9, Section 2]. [
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Theorem 2.2 is not true if Cw(ﬁ) is replaced by C;(B), the space of c -
functions with compact support in D. Let p=®and D = If” then the closure

© _n. o, © . .
of CO(II) in B (E{n) consists of the bounded Cm—functlons whose derivatives
(o]
1 e ' (RY

Aad n

does not belong to this closure. For 1 < p < », it is true that CO(Ii) is

up to order m tend to zero at infinity. Hence, the function f(x)

dense in Hm’p(ﬂiﬁ) (see [9, Section 2]). In general, we.define another type of
Sobolev space Hg’p(D) as the closure of C:(D) in Hm'P(D). For example, let D
be a bounded subset of ﬂin, p=2and m = 1. If there is a function f € H1'2(D)
such that (f,¢)1 =0 for all ¢ € Cz(D), then Hé’z(D) # H1'2(D). This means

f(x)¢(x)dx - f f(x)Ad(x)dx = O.

(£,6), = J
! D

D

Hence, f is a weak solution of the differential equation £ - Af = 0 in D.
The function f(x) = exp 22=1 xici' with ci complex numbers satisfying
E?=1 Ci = 1, is even a strong solution in H}'2(D).

A property of functions in H?TP(D), p > 1, where D_ha§ a smooth boundary
(Cw—boundary) or is convex, is that if f € Hg'p(D) n ™ (D), then Dkf(X) =0
for x € 3D and |k| < m-1 (see [1, p.105]; the proof given there also holds
for p > 1 instead of p = 2). Hence, if D is bounded and convex or with a
smooth boundary, the function f£(x) = 1 € Hm'p(D) cannot belong to Hg'P(D) if

m=21and p > 1.
THEOREM 2.3. Let m > & 2 0. If D is a bounded domain, then the identity map
. P L,p )
I: Hy'" (D) > H " (D)
is compact for 1 < p < =. If D is bounded and has a c”-boundary, then
m,p 2,p
I: H '°(D) > H "7 (D)
i8 compact for 1 < p £ «,

PROOF. See [9, Section 4]. 0O

If p = », the last identity map of Theorem 2.3 is also compact when D
is bounded and convex, which follows from Theorem 2.1.
Also in Theorem 2.3 the condition that the boundary of D is Cm can be

released.
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2.3. Connection between H5lder and Sobolev spaces

We now say how smooth functions in a Sobolev space are, by embedding
Sobolev spaces continuously into Hdlder spaces. This is called the Sobolev

Lemma.

THEOREM 2.4. Let D ¢ R" be convex or bounded with a cm-boundary. Then the
following identity mappings are continuous:

: 2 oy > F D), form =% + n,
+o =
I: Hm'p(D)—O Cl * (D) for 1t < p<®, m-2-n/p=2a>0
and o < 1.

For any domain D the following identity map is continuous

L,

1: H’S'P(D)—»HO “®, form=2+nifp=1, and

form > 2 + n/p if p > 1.

PROOF. See [9, Section 3] and [5, ch.II, th.38]. [

As before, the conditions on D may be weakened.
The continuity means that there are constants C depending on n, m, &,

p and D such that for £ ¢ 5P (p)

< I
I£], < c el

’
in the first two cases, and
< Il
Iflm—1+a clf m,p
in the third case. The last map I shows that for f ¢ Hg'p(D), we always have

Dkf(x) =0, x € dD,

when k <m -n/p if p>1or k <m-n if p = 1. Therefore, the function

f(x)

1 e Hm'l(D) cannot belong to Hg'l(D) if m 2 n and D is bounded.
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3. EXISTENCE AND REGULARITY OF SOLUTIONS OF NONLINEAR PARABOLIC EQUATIONS

In this section we will find conditions for the function F in order

that the equation (1.10) has a solution in D with u, u,

ous in D, where D = (a,b) x (0,s] for a 2 -», b < «» and some s > 0. First,

, u_and u continu-
x XX

weak solutions (i.e., in a distributional sense) are constructed, and next we
find conditions for F such that u, ux, uxx and ut are continuous functions
in D. Since (1.10) is in fact a perturbance of the heat equation, we use the
Green's function of the heat equation. This method can be performed for more
general equations too (see [3]). Another method, using Sobolev spaces, can

be found in [4].

3.1. Existence of distributional solutions of the linear equation

The function

E(x,t) = exp(- %}, t >0, x e R,
2vVmt
satisfies
2
JE 3°E _
(3.1) i o, t > 0,
9x

and in a distributional sense

(3.2) lim E(x,t) = §(x).
t¥0

Hence, if we denote by E[t] the function E[t](x) def E(x,t) on IR, a

distributional solution of
- = >
ut uXx 0, t 0,

uf0] =y

is given by
(3.3) u(x,t) = (E[tI*y) (%),
where * means the one-dimensional convolution with respect to the variable x.

Here, ¥ is a distribution on IR such that E[t]*} exists for each t > 0. If

Y e L”(R) with sup-norm lyll, we get explicitly
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- 2
_ 1 (x=£) 7\
(3.4) u(x,t) = f exp(— ——=— ¥ (&)dE
2/t o e
1 [7 o2
== f e " y(x+2/E n)an.
IV S
Hence,
(3.5) Tultdl < lyl, t > 0.

To get estimates for the derivatives we need that for £t > 0, £ 20, n 2 0O,

and 2+m = 1:

VYo \®
(3.6) I_w (5;} (52) E(x,t)dx = 0.

Then we may write

1 [ (x-£) 2\
(3.7) u_(x,t) = f (x—E)exp(— == _W(E)az
X 46/7E ) e &)

o 2
=L J ne " {Y (x+2V/€ n) -y (x) }an.
/it

If Y is a continuous function in an interval (a,b), then u is continuous
on {®Rx(0,%)} v {(x,0) | a < x < b}. Assume now that ¢ is uniformly HS6lder

continuous, i.e., it satisfies, for some y with 0 < Yy £1,
(3.8) Wea=bw | s 1wl txeyl”

for some constant ley. Then for some K > 0 (K =1 if y = 1) it follows

from (3.7) that
(3.9) hu CeT0 < xly] fTN2 0,
and if Y = 0, i.e., if ¥ € L (R), that
1 -1
(3.10) llux[t]ﬂ < —lyle 2, t > 0.

140

More generally, if § is k times continuously differentiable (k > 0), and

akw/axk satisfies
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IA

k k
iy _3y
| (%) k(y)l

Wl lx-y| YK
ox Y Y

for some number Yy with k < y £ k+1 and for some constant IwIY, we get

2 m
L) 3 (y-2-2m)/2
3. 1(2) (2 < Y
(3.11) %, (at, ule]l Kl'mlwlYt , t >0,
for some constants Kl m > 0 depending on £ and m, as long as y-%-2m < 0;
’

otherwise (3.11) is bounded independently of t. In particular, leo
denotes Iyl and Kjg=1-

Now we turn to the nonhomogeneous equation. Recall that, if 6(t) =1

for t > 0 and 6(t) = 0 for t < 0, the distributional derivative with respect

to t of the function 6(t)f(x,t) is given by

30f Jf

(3.12) St (xt) = {f (x,+0)-f(x,-0)}8(t) + 6(t) at(x,t).

We define the function

E(x,t), t >0, xe R,
G(x,t) =
0, t <0, xe€e R,

which, according to (3.12), (3.2) and (3.1), satisfies

3G 3 G
'a',E'(xlt) - _?(xlt)

o §(x)8(t) + G(t){Et(x,t)—Exx(x,t)}

8(x,t).

The function G is called the Green's function or the fundamental solution
of the one-dimensional heat equation. The relation between the fundamental
solutions G and E obtained here holds for more general initial value prob-
lems too (see [7]).

Let £ be a distribution in IR2 (the x,t-plane) such that G*f exists;

then a weak (i.e., distributional) solution of

is given by
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(3.13) v = Gxf,

where * now means the two-dimensional convolution with respect to x and t.
If £ has its support in {(x,t) | t > 0}, then v does too, so that if,

moreover, f is such that G*f is a continuous function, then
v(x,0) = 0, X € R.

For example, let, for some T < @w and any 0 <t < s < T, f ¢ Lm(IRX[t,s])

such that its sup-norm there satisfies

Tel <M B
S

for some Ms > 0 depending on s and for some B < 1. For t < 0 we take f zero.

Then (3.13) can be written explicitly

€ 1 - (x-£) >
(3.14) v(x,t) = 6(t) f { exp<4(xt__r) Ve (g, 0ra8 ar
: 0 /== 2/7 (t-1) 4
te 2
= 0(t) f I —-— e n £ (x+2VT n, t-t)dn dar, t < T.
0 /-w V7
Furthermore, for O < t < T,
rt _ _
N = fw L =t ol g ? e, mae ar
0 vVt-t J_, 2Vm(t-1) 2Vt-1 \ 4(t-1)

toe Ly L2
I —( 22 e £(x+2v7T n, t-t)dn ar.
0 VT J-o /7

2
Differentiation of a function of x /4t with respect to lea yields another

/2

2
, and differentiation of a function of x“ /4t
-2-0

function of x2/4t times t ¢
- 2

times t o with respect to tOL yields another function of x“ /4t times t

Applying the mean value theorem with respect to the variable !x~£]a, for

some o with 0 < o < 1, to the first expression of (3.15), using
e o o
| 1x-£1% - 1y-g1% | < Ix-y]

and changing the variable as in the second expression of (3.15), we find
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t!,oo 1
= 1]
0/ - /F & "

1-a 5
_L_"(1+U,)/2 2 l |3 a +

lvx(x,t)—vx(y,t)l < |x—yl°‘f

—a 2
+ ngﬂnp_a}e N« |£(ox+(1-0)y+2VT n,t-1) |dn At

o t%-‘1/2-8 M,

< -
< K|x-y s

for 0 < t < s and X,y € IR, where o is a function of n and T between O and 1.

Similarly, for 0 <t < t, < t, <s,

1 2
- tw T_(a+§) n3 3 -n2
lv (x,t)=v (x,t) | < (E,-t)) Jo f_m—ﬁ—47+2—<;n|e .

| £ (x+2V/T n, 0t1+(1—c)t2—1)ldn drt +

(2= - 2
* f Pl 1£@+2/T n,t,-1) ldn At
t —oo ey

™

o, i-a-B 1-8, -4
< K(tZ-tl) t MS+K(t2 tl) t Ms,
or, if B < }, the last term can also be majorized by K(t2—t1)i_BMs, and
o, 1-a-B8 1-8
Iv(x,tl)-v(x,tz)l < K(t,-t)) 't M_+K(t,-t,)" TM_.

Hence v and vX are HSlder continuous functions. Thus we have obtained the

following lemma.

LEMMA 3.1. Let £ be a function on Rx(0,T), where 0 < T < =, such that for
any positive s < T and 0 < t < s,

(3.16) sup |£(x,7)] < me B

xeR
t<t<s

for some M > 0 depénding on s and for some nomnegative B < 1. Then the

equation

v.-v. = £, xe R, O0<t<T,
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has a weak solution v (3.13), which is a continuous function of x and t.

This function is also continuous for t = 0 and
(3.17) v(x,0) = 0, x € IR.

Furthermore, v and v, are H¥lder continuous with respect to x and t, and
the sup and HYlder norms on the domain Rx[t,s] satisfy

1-8
S
Ilvll < 1-p M,
(3.18) 9
"Vx" < f@% max{t£-ﬁ,sé—B}M,
.
Ivll—B < KM,
(3.19) <
vala < Kt_iM, with a« < %, a < 1-8, and
lv 1 <, with o<}, a<}-B, if B < }

for some positive constant K.

3.2, Existence of distributional solutions of the nonlinear equation

We consider the nonlinear equation for x e R, 0 < t < T, where T < =,

ut(xlt) - uXX(x’t) - F(xltlu(xlt) qu(x:t)) = or
(3.20)
ul0] = y.

The following conditions are imposed upon the functions Y and F: either

case (a): Yy is an Lw-function on R and, for any positive s < T, F is a
. . 2
bounded function on Rx (0,s] x S, where S is compact in R,

whose sup-norm satisfies

2
sup{ |F(x,t,u,p)] | x e R, 0<t<s, |ul <N, pe R}< M N(1+[pl B)
’
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for some Ms,N > 0 depending on s and N and for some B < 1; more-
over, F is continuous with respect to u and p, uniformly in the
following sense: for every e > 0, every compact set S in ]R2 and
every O < s < T, there is a 6§ > 0 such that for all (u,p) € S and

(v,q) € S with |u-v| + |p—q| < §, and for all t > O,

-1 _1 -
(3.21) sup |F(x,T,u,1 2p) - F(x,T,V,T 2q)[ <t Be;
xeR
t<t<s
or

case (b): Yy is a Lipschitz continuous function uniformly in R, thus (3.8)
is satisfied for y = 1, and F is a bounded function on .
R x [t,s] x S for every 0 < t < s < T and S compact in I%Z,

such that

A
=
ot

sup{ |F(x,1,u,p) | | xe R, t<t1<s, (u,p) €S}

~
1

for some MS > 0 depending on s and S and for some B < ;; more-

S
r
over, F is continuous with respect to u and p uniformly in the

2
following sense: for every € > 0, every compact set S in R and
every 0 < s < T, there is a § > 0 such that for all (u,p) € S and

(v,q) € S with |u-v| + |p—q| < §, and for all t > O,

-~

(3.21) sup |F(x,T,u,p) - F(x,7,v,q@) ]| < e Pe.

x€ R
t<t<s

With the aid of the functions (3.3) and (3.13) we will obtain an s > 0 and
a distributional solution u for 0 < t < s, first for x in a finite interval.
We will also find a condition for F such that the solution extends, as a
continuous function, to the domain R x (0,T).

Fix T, < T; let M be a positive number such that in case (a)

1
_1 _1
(3.22) sup{|F(x,t,u,7 ’p)| | x e R, t <1< T, lul + Ipl £ (1+x )yl + 1} <
< Mt_e,
or in case (b)
(3.22) sup{|F(x,T,u,p)| | x e R, t <1 <7, lul+|pl <yl +]pl+1} =

< me B,
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and let s < T1 be a positive number such that in case (a)

1+/6 1-8
1_8 S M < 1:

(3.23)
or in case (b)

(3.23) — M < 1,

We will obtain distributional solutions, but as we are interested in clas-
sical solutions finally (see Section 3.3) we consider functions u which
are continuous on that part of the bourdary {(x,t) | t = 0} where ¥ is
continuous. In case (b) this is the whole x-axis and in case (a) we may
think of ¢ as being piecewise continuous.

Let B be the Banach space of continuous functions u on {(-N,N) x (0,sJ]}u
v {(x,0) | x € (-N,N), y(x) is continuous}, which are continuously differ-
entiable with respect to x on (-N,N) x (0,s] such that the following norm is
finite:

in case (a)

Hu“B def sup lu(x,t)| + sup vt lu (x,0) |,
~N<x<N -N<x<N
O<t<s O<ts<s

and in case (b)

Tl et o lux,t) ] + sup |u (x,8)].
-N<x<N -N<x<N =%
O<ts<s O<t<s
That the first space is a Banach space can be shown as in[9, Section 1], and
-]
the second space is the Sobolev space Hl' ((-N,N) x (0,s]). Let K be the
closed, bounded and convex set in B, in case (a) defined by

k€ fuen | lul s ashigl + 13,

A

and in case (b) by

IN

kK 9EF fu e | Bul < Iyl + [yl + 1)
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We define a map A from K into B by
A = E * + Gx*F
u [t]xy [u,uxJN ’

where F[u,ux]N is the function F(x,t,u(x,t),ux(x,t)) on (-N,N) x (0,s], and
F[u,uX]N vanishes if x ¢ (-N,N); here the first convolution is with respect
to x and the second with respect to x and t. Since (3.22) implies (3.16),
(3.17) ensures that ul0] = ¢, and furthermore from (3.5), (3.10) or (3.9)
with vy = 1, (3.18) and (3.23), we derive

1-8
s 1 B 1- -
Il < Mol + S+ Syl + 226 P s (e Byl + 1, case (a)
1-8 L
(3.24) laul < Iyl + s M+ |y, + i3 s’_BM <yl + |y], + 1 case (b).
B 1-3 1 1-3 1 !

Hence A is a map from K into K, which is continuous, because by (3.21) and
(3.18) we can find for every € > 0 a § > 0 such that for u ¢ K and v € K with
ﬂu—v"B < 8§,

1-8 1-8 1-8 -8
“Au—Av“B < sup{t 6 ¢ or & +4§ t o<t =< s} e.

1-8 1-8

Furthermore, Theorem 2.1 and (3.19) ensure that the set {Au-E[t]xy | u € K}
is compact in B, and hence the map A is compact. By Schauder's Fixed Point
Theorem [8, Chapter VIII] there is a fixed point uN in K with uN = AuN, and
clearly uy is a (weak) solution of (3.10) in (-N,N) x (O,s].

The function vy = G*F[uN,BuN/Bx]N is defined for all x € R, 0 £ t < s.
Since in the above all the estimates are independent of N, (3.19) yields that
the sequence {VN};=1 is bounded on R x [0,s] in some H&lder norm. Therefore,
according to Theorem 2.1, there is a uniformly convergent subsequence which
converges to a uniformly HSlder continuous function v (with a smaller Hélder
exponent). Since also, by (3.19), {BVN/Bx};=1 is bounded in some H&lder norm
on R x [t,s], for every O < t < s, 9v/dx exists and is a HAlder continuous
function in R x (0,s]. Now we have, in any compact subset of R X (0,s] as
N > », on the one hand by (3.1)

2
(-2 -

9
ot ax2 \ot

2
2w + B[tIxp)  veakly,

/

9x
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and on the other hand

<_a_ -2 ) vy = F[VN + E[t]*xy, aix(vN + E[tI*xp)] >
+ Flv + E[t]xy, é%(v + E[t]*xy) ] weakly.

Hence, u(x,t) = v(x,t) + (E[t]*y) (x) is a weak solution of (3.20) in R X

(0,s], which by the above considerations can be written as

(3.25) u = E[t]*xyp + G*F[u,ux].

THEOREM 3.2. Let Y and F satisfy either the conditions of case (a) or the
conditions of case (b), listed at the beginning of this section. Then there
extsts an s, 0 < s < T, such that (3.20) has a distributional solution in
the domain R x (0,s] which is a bounded continuous function on

{R x (0,51} v {(x,0) | ¥(x) is continuous}, and which is continuously
differentiable with respect to x in R x (0,s].

In [2] F is required to be uniformly Lipschitz continuous in x and u,
and F does not depend on p. Then the existence is shown by successive approx-
imation (in fact, the Banach contraction principle). See [3, Chapter IV, §2
& Chapter V] for a more general treatment of the method discussed here.

Theorem 3.2 only gives a solution for t with 0 < t < s < T. If F is
bounded on R x (O,le X.Rz for any T1 < T, repeating the above method gives
a solution for t with s < t < 2s (if 2s < T1 < T), because then (3.23) vields
the same s. So in that case we finally get a solution for 0 < t < T. Now we
investigate more general conditions on F in order that the solution extends
as a continuous function to the domain R X (0,T), where 0 < T < . Besides
the conditions imposed upon F by Theorem 3.2, let F satisfy for every s > 0
and s < T, < T

1

(3.26) sup{ |F(x,t,u,p)| |[x e R, s <t < T,s (u,p) € IRZ} < K(1+|ul+lpl)

for some K > 0 depending on s and Tl' After one application of Theorem 3.2
we have a solution u0 in R x (O,SO] for some s0 > 0. Let ui be the solution
in R x (s.+s +...+si_1,so+...+si_1+si] after application of Theorem 3.2 an-

01
other i times. Since ui_l(x,so+...+si_1) is differentiable with respect to
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x, we use the method of case (b) with B = 0. However, the ith time we apply

Theorem 3.2 we take the supremum in (3.22) as |u]l + |p| < “ui—lnB + 21—1, and

instead of (3.23) we take si < 1 such that

/EZ = +)m *

By (3.26) this means that we must have

Hi-1
/s <
Bkl _

1!IB+21—1+1)

I i-1

As in (3.24), “ui"Bs “ui—l . 2 ,i=1,2,..., so thét in the above we

may choose

i-1
Vo 1 1 21
si - (1+/g)K(2+ﬂu I ) < (1+}}6)K i < ... =<

0B 2 +la Il )

0B
1 2i-1 . 3 i1
(1+/6)K i = N —
(ha | o+27-1-2-...-27 ) (1+ﬁ§)x(uui_1u8+2 +1)

Thus s, is independent of i, and we can reach any T1 < T after a finite num-

ber of steps.

THEOREM 3.3. Let ¢ and F be as in Theorem 3.2, and moreover let F satisfy
(3.26). Then (3.20) has a distributional solution in R x (0,T) which is
a continuous fumction in {R x (0,7} u {(x,0) | ¥(x) Zs continuous}
bounded in R % (O,T1] for any T, < T, and which is continuously differen—
tiable with respect to x in R x (0,T).

In particular, if T = «, (3.20) has a solution which extends to infinity,
i.e., in the domain R x (0,®). For example, let
um+1)1/m,

- =—m
ut uxx (

u(x,0) = -1,

where m is any positive odd integer. In this case (3.26) is not satisfied,

and the unique solution

ulx,t) = (e-1) "

is a continuous function only in R x [0,1).
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We now consider the finite interval (a,b). Let { be a bounded function
on [a,b], and let F be a function on (a,b) x (0,T) X:R2. We can extend the
domains of definition of y and F so as to include all x € R by reflecting
Y and F even or odd as a function of x and by taking F zero in the points x
where it is not already defined in that way. The solution of (3.20) obtained
by Theorems 3.2 or 3.3 is a continuously differentiable function with respect
to x, so that in the first case it satisfies ux(a+k(b—a),t) =0, 0< t<gs,

k = 0,£1,..., and in the second case u(a+k(b-a),t) = O.

THEOREM 3.4. Let the functions y on [a,b] and F on (a,b) x (0,T) x ]R2 sat-

i8fy the conditions of Theorem 3.2, case (a), where in the estimates x ranges
over (a,b) instead of over R. Then the problems

u _(x,t) - u_ (x,t) - F(x,t,u(x,t),u (x,t)) =0, a < x < b, 0<t<mT,
t XX p 4

ul0] = vy,

u(a,t) = u(b,t) =0 or ux(a,t) = ux(b,t) = 0, O<t<mT,

have distributional solutions on [a,b] x [0,s], for some s < T, which are
bounded continuous functions on {[a,b]l x (0,s1} u {(x,0) | v(x) Zs con-
tinuous}, and which are continuously differentiable with respect to x in
[a,b] x (0,s]. The same is true if the conditions of Theorem 3.2, case

(b), are satisfied for x e (a,b), provided that the odd or even continuation
of ¥ iZs uniformly Lipschitz continuous on R . If, moreover, F satisfies (3.26)
as x ranges over (a,b), then the solutions extend to the domain [a,b]l x [0,T).

3.3. Regularity

In this section we will find conditions for y and F such that the so-
lutions of Theorems 3.2, 3.3 and 3.4 are classical solutions, i.e., the dif-
ferential equation is satisfied pointwise.

In the last section u[t] tended to Y in a distributional sense as t + 0O,

i.e.,

(3.27) lim f u(x,t)¢(x)dx = J P(x)¢(x)dx
t+0

for any Cw—function ¢ with compact support. If ¥ is continuous in an open

interval (a,b), we have seen that u is continuous in {R x (0,s]} u {(x,0) |

a < x < b}. Then (3.27) implies that for every x € (a,b), limt 0 u(x,t) =

¥
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Y(x), so that ¢ is a classical initial value in (a,b). Hence, ¥ needs to be
continuous or piecewise continuous, where in the last case (3.27) holds and
the pointwise limit for t ¥+ O equals Y in all the points of continuity_of Y.

If a function is differentiable, its derivative equals the distribution-
al derivative. If two functions are equal as distributions, they may differ
on a set of measure zero; hence, if two continuous functions are equal as
distributions, they are also equal as functions. Therefore, a distributional
solution of a differential equation with continuous coefficients is a classi-
cal solution if its distributional derivatives are continuous functions.
Thus we assume that F is continuous, actually HSlder continuous, and we
will show that u, and U are (H6lder) continuous functions.

o

The solution (3.3) of the homogeneous linear heat equation is a C -func-
tion for t > 0 (cf. (3.11)). Now consider the weak solution (3.14) of the
nonhomogeneous linear equation. Let, besides the condition of Lemma 3.1, £
be Hdlder continuous uniformly in the following sense: for some B < 1 and

a >0, for all 0 < &8 <T, <T,

1

l£(x,t) - £(y,0)] < kt P|x-y|®, 0 <t

A

T1 <7T, x,vy € (a,b),
(3.28) o
If(x,tl) - f(x,t2)[ < Kéltl—t |, tyit, € [6,T1], x € (a,b),

2

where the positive constants K and K‘5 depend on T1 and on T1 and §, respec-

tively, and where a = —~ and b = . By virtue of (3.6), the distributional

second derivative Vex of the function v of Lemma 3.1 may be written as

t (> 2 2
B 1 (x-8) (= (x=£) 7\ 1
(3.29) V(X8 = fo f_w { 2 " 4(t—T)} P\ 1 (t-1) ) 27w =D (e-1)

{f(‘SIT) - f(X,T)} ag dT,

provided that this expression exists. Using (3.28) we find that the absolute

value can be majorized by

t e 2 2 o
(3.30) KJ J {%+ (x-£) } 1 oy 2 (%=E) > %=1 4¢ g =

exp
0 4t | 2/mt S\ 4t £ (t=1)
t (oo o _ 2 ja-1 _
=K J J {%—+ nz} Inl® %ﬁ e " I dn dt < K't%a B
0 —co (t‘T)
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Hence the expression (3.29) exists and, as before, differentiating (3.29)
with respect to a sufficiently small positive power of t - T yields that vxx
is a H&lder continuous function with respect to t, uniformly in [6’T1] for

any 0 < § < T, < T. From the differential equation
(3.31) Vt(x,t) = Vxx(xlt) + f(xlt)l

and from (3.28), it follows that vt is a H6lder continuous function with
respect to t in (a,b) x (0,T) too.
Next we investigate the continuity with respect to x. In a distribution-

al sense we have

t
f g%-{(G[T]*f[t])(x)} dt = (GLtI*£[t]) (x) - (8*£[t]) (x)

0

(GItIx£f[t]) (x) - £(x,t);

here the convolution is taken with respect to the x-variable. Hence, by

(3.31), for t > 0 we get in a distributional sense

(3.32) v (x,t) = (GLtl*£lt]) (x) +
A A A N —(x-e)2> 1
0 )eo U2 7 ae-0) TP a-0y) 2/t (-0

{£(g,7) - £(&,0)} ag ar,

provided that this expression exists. By (3.11) the first term is a Hélder
continuous function with respect to x, uniformly in R x ES,TIJ. In view
of (3.28) and (3.16) the absolute value of the second term can be majorized

by

& o 2 2
1, (x=£) - (x-¢) 1 M M
Jo J_m {E’* 4(t—r)} exP( 4(t—T)) 2/me=1) (£-1) {TB + B} de dr +

t
t (o 2 2 o-1
1, (x-8) (— x-8)7\ =
* Ks Ja f_w {2 * o } exp\ 77 > 2/t 96 dt <




II. EXISTENCE AND UNIQUENESS 57

where 0 < 8 < t. Therefore, the expression (3.32) exists and, as before,
differentiating the second term in (3.32) with respect to a sufficiently
small positive power of |x-£| yields that v, is a H6lder continuous function
with respect to x, uniformly in R X [G,Tl] for any 0 < § < T1 < T. By (3.31)
and (3.28) Vex is also a Hdlder continuous function with respect to x. Thus
we have shown that vxx and vt are H6lder continuous functions in R x (0,T),
uniformly in R X (S,Tl) for any 0 < § < T1 < T.

in Chapter I, vxxx and Vet were needed. It is clear that they are equal
to the expressions (3.29) and (3.32), respectively, with f replaced by fx,
provided that fx is H&lder continuous as in (3.28). Hence, in that case,

vXXX and vxt are H6lder continuous functions.

Now let f be piecewise continuous as a function of x and let it satisfy
(3.28) for any interval (a,b) such that f is continuous in (a,b) x (0,T). The
differential equation holds classically at the points of continuity if Ve
and vxx are continuous in (a,b) x (0,T). For x € (a,b), 0 < t < Tl' we may

write (3.29) as

v (x,t) = J J {_l + (_xﬁ_} expf-(X-E) \ 1
XX - a

o 2 4a(t-m) \a(t-1) ) 2/7(E-1) (t-1)

{f(g,1) - £(x,1)} A& At +

t a L 2 2
1 (x-8) -(x-£) 1
* Jo [J_m+ Jb] {‘5 * 4(t—T)} expl 4(t-T)> 2/ e=T) (t-1)

{£(¢,1) - £(x,7)} 4¢ ar.

The absolute value of the first term can be majorized by (3.30), and that

of the second term by

1
o -
‘[B 2

1/t (1-1/t)

exp(-%/?) drt

t
MC J exp (- 2—?,? 732 ety Par = e e B f 5

0

A

K(a) < «,

where o = min{x-a,b-x}, € some positive constant, and where M and B are deter-
mined by (3.16). As before it is shown that Ve is HO6lder continuous with
respect to t, uniformly in [c,d] x [6,T1] for alla < c<d<band 0 < § <

T1 < T. Similarly, using (3.32), Ve is treated, yielding that it is H&élder
continuous with respect to x. Hence, Voex and v, are HS1lder continuous func-

tions, uniformly in any [c,d] % [S,Tl]. If f is piecewise differentiable with
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respect to x and if fX satisfies (3.28), then Vexx and th are (H6lder) con-
tinuous in (a,b) x (0,T). Moreover, vxx is integrable with respect to x from
a to b for any t € (0,T), because VX, which is a continuous function on
[a,b] x (0,T), is a primitive.

For more detailed estimates of higher order derivatives, and also for
the continuity of these on [a,b] x (0,T), see [3, Chapter IV, §1 and 2].

We now turn to the nonlinear equation (3.20). As before, we consider
two cases: case (a), where Yy is an Lm—function, and case (b), where ¥ is uni-

formly Lipschitz continuous.

THEOREM 3.5. Let y and F be as in Theorem 3.2, 3.3 or 3.4, and moreover Let
F be Hblder continuous or plecewise HSlder continuous as a function of x,
and Hlder continuous in the remaining variables, uniformly in the following
sense: for some B < 1 and o > 0, for all 0 < & < T, <T, all compact subsets
S of R and all a < b such that F is continuous in (a,b) x (0,T) x ]R2,

a2-°, b<w, 0<TEZow,

IF(x,t,u,tp)-F(y,t,u,t"p) | < kt Blx-y|®, O<t<T , (x,y)e(a,b), (u,p)es,

o
(3.33) IF(x,tl,u,p)-F(x,t2,u,p)l < KGlgl—tzla' t, t,el8,T, ], xe(a,b), (u,p)es,
IF(x,t,u,tYp)—F(x,t,v,typ)] < Kt T |u-v|, O<tST1, xe(a,b), (u,p),(v,p)es,
IF(x,t,u,tp)-F(x,t,u,t'q) | <kt Plp-q|%, O<t<T , xe(a,b), (u,p), (u,q)es,
where v = -} in case (a) and vy = 0 in case (b), and where the positive con-

stants K and K depend on T, and on T, and 8§, respectively. Then the

1
distributional solutions u of Theorems 3.2, 3.3 or 3.4 are classical solu-
tions in the points of continuity and u, and u . are Hblder continuous
functions, uniformly in R X [G,Ti] if a=-»and b =, and in [c,d] x

x [6,7,17f a > - and b <, for all 0 < § < T, <Tand a <c<d<b.

PROOF. From (3.25), (3.19) and (3.11) it follows that u and t_yux are bounded
functions, and that u and u, satisfy (3.28) with B = 1. For x,y ¢ (a,b) and
0 < t < Tl’ the function F[u,ux] satisfies for any positive a smaller than

or equél to the a of (3.33):

IF[u,ux](x,t)—F[u,ux](y,t)l < [F(x,t,u(x,t),ux(x,t))~F(y,t,;(x,t),ux(x,t))!+
+ IF(y,t,U(X,t),ux(x,t))—F(y.t,u(y,t) s (x,)) ]
+ IF(y,t.u(y,t),ux(x,t))—F(y,t,u<y,t),ux(y,t))|

< Kt_le—y|a + Kt'Blu(x,t)—u(y,t)I“ + Kt-Blux(x,t)—ux(y,t)la

kt B lx-y 1% + ke P ey Y + ke B e xey ).

IA
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Similarly, for x € (a,b) and tl’t € [§,T1]:

2

IF[u,uX](x,tl)—F[u,uX](x,tz)l

A

o -8 a -B o
< Kdltl t. | + KS§ Iu(x,tl)—u(x,tz)l + KS§ qu(x,tl)-ux(x,tz)l

1.

2

- o v -
K(Sltl t2| + K6|t1 t

A

(! 1] -
oI+ Kyl oty

Hence, if in the first inequality a < 1 - B, F[u,uX] satisfies (3.28) and
the theorem follows from the considerations at the beginning of this section.

For the solutions u of Theorem 3.3 in the domain IR X (si,si+1], we have

1 (o]
u(x,t) = (E[t-s, I*xuls, 1) (x) +J f G(t-s,-1,%x-§)
i i 0 o i
F[u,ux](g,r+si)d£ ar,

and hence

lim u, (x,t) = 8*u__[s,] + 8*F[u,u_1ls. ] +
t xxX i X i
t¥s,
i =S,
l 00
+ lim ——(t- s -T ,X~ Flu,u ,T+s,)dg drt
3t( g) FL x](E l) &
tys, ’0 -
i
=u (x,s,) + Flu,u 1(x,s.) = u_(x,s,),
XX i X i t i

because the absolute value of the integral can be majorized by (3.30) with
B = 0. Therefore, the above proven piecewise continuity of ut in

" , - . % ol
I R X (Si'si+1) is actually continuity in R (0,T) 00

COROLLARY 3.6. The conditions of Theorem 3.5 are satisfied if:

1) a——°°,b=°° wsvl(]R), Fec? (]RX(OT)X]R ),and
Fech (Rx(0,T, 1xs) for any 0 < T, < T and s compact in ]Rz,

2) a> -», b < o, w e C (Ca,b]), ¥ e C ((a,b)), w(a) = y(b) = 0 Z2f u(a,t) =
u(b,t) =0, F € C ((a,b)X(O,T)XIi) and F ¢ C \(a,b)X(O,Tllxs);

if, moreover, F € C‘((a,b)X(O,Tl)xs) for any 0 < T, < T and S compact in

1
]R2, then U and u <t Fre continuous in (a,b) x (0,T);
3) Zf in both cases only ¥ € C ((a,b)), then moreover |F(x,t,u,p)]| < K(1+|p|28

for (x,t,u) e (a,b) X (O,lel x (-N,N), and for some B < 1.

REMARK 3.7. The existence theorem for a classical solution, proven here,
only requires that F is H&lder continuous, while for the uniqueness Lipschitz

continuity with respect to u and p was sufficient.
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For example, the equation

u o -u o= 2V ]ul, xe R, t>0,

u(x,0) = 0,

has the classical solutions u(x,t) = 0 and

IA

C,

0 for t
u(x,t) = {

v

(t—c)2 for t c,

for any ¢ 2 0. The function 2v|u| is H6lder, but not Lipschitz, continuous.
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III. MONOTONE ITERATION

1. INTRODUCTION

In this chapter we will study monotone iteration schemes. As sources we
used SATTINGER [1, Chapter 2; 2].

Monotone iteration schemes are interesting both for proving the exis-
tence of solutions of certain nonlinear elliptic and parabolic problems and
for constructing the solutions explicitly. In Section 3 we give an iteration
procedure for elliptic boundary value problems and we prove that the proce-
dure indeed results in a solution of the problem. Thus, the existence of cer-
tain solutions of a boundary value problem is proved by a constructive method.
Furthermore, we can give regions in which we can expect solutions. In Section
4 the results of Section 3 are applied to prove the existence of nontrivial
solutions of a simple boundary value problem. The nonexistence of such solu-
tions for certain values of a parameter is also proved. It is not possible
to obtain all solutions by means of monotone iteration procedures as given
in Section 3. In Section 5 it is shown that in this way only stable solutions
of the corresponding parabolic initial value problem can be obtained. Thus
the solutions found by iteration methods are asymptotically stable (at least
from above or from below). Furthermore, it is sketched how solutions of a
parabolic initial boundary value problem can be found by monotone iteration
procedures.

The mathematical tools needed for the other sections are gathered in
Section 2. A central role is played by the maximum principles for elliptic
and parabolic problems. Further, we need some concepts from functional analy-
sis in order to prove that the solutions we obtain are elements of the appro-

priate function spaces.

2. PRELIMINARIES

This section contains some mathematical concepts needed in the following
sections. In this chapter all functions and coefficients are supposed to be
real.

Let us consider the second order partial differential operator L
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(2.1) L= ‘ ) a .(x)%.—+ Z a.(x)—i_— ’
= i3 i i

where x denotes the vector (Xl"'°'xn)' This operator L is called uniformly

strongly elliptic in a region D ¢ R" if the coefficients a,.(x) and a; (x),

1]
i,j =1,...,n, are bounded on D and if a number c0 > 0 exists such that
n n 2
(2.2) ) a.mEE, 2c Y o2,
ig=t M E3 0,0

for eaéh X € D, £i,Ej € R.

In this chapter we assume that L is uniformly strongly elliptic and
that D is a bounded region in R". Let the H6lder space C2+a(D)
(2=0,1,2,..., 0<a<l) be defined (cf. Section II.2.1) as the space of all
functions f that are continuously differentiable in D up to order %, such

that the following norm is finite:

lef(x)—Dkf(y)l_

= sup ]Dkf(x)l + sup 3
xeD x,yeD I x-yll
k<2 Ik|=2

'f]2+a

In the special case L = 0, o = 1 we call the function f Lipschitz continuous.
Throughout this chapter it is permitted to take a = 1. For the regularity of

solutions of problems involving L we require that aij € Co+a(D) and ai €

1+ .
€ C (D), 0 <o <1, i,j= 1,2,...,n, and that the boundary of D is suff-

iciently smooth (C2+u).

2.1. Maximum principles

For the uniformly strongly elliptic operator L the following maximum

principle holds.
THEOREM 2.1. Let u € C2(D) n C(D) satisfy the differential inequality
Lu(x) + h(x)u(x) 2 0

in a bounded domain D ¢ R", where h is a nonpositive function which is
bounded on any compact subset of D. Furthermore, let u < 0 on the boundary
of D. Then either u < 0 in D, or u = 0 in D.

PROOF. First, we remark that Theorem II.2.1 holds if we replace the Laplace
operator A by any uniformly strongly elliptic operator L (cf. PROTTER & WEIN-
BERGER [3, Chapter 2, Theorem 6]). Theorem II.2.1 states that the maximum
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of u is attained at the boundary of D, so u £ 0; if u = 0 in an interior

point of D, then u = 0. [J

THEOREM 2.2. Let D be a bounded domain in ®R" and let E = D x (0,T]. Suppose

u 28 a solution of

Ju
Lu + f(x,u) —-3?=0

in E, with boundary and initial conditions

u(x,t)
u(x,0)

g(x), X € D, c<t<TmT,

uo(x), x € D.
Let z and 2 satisfy the inequalities

4 9z
LZ + £(x,2) - é—t- < 0,

9 Z(x,t)laD 2 g(x),
z(x,0) > uo(x),

3z

/Lz + f(x,z) - 3t

> 0,

< Z(x't)laD < g(x),
z(x,0)

IA

uO(X);

and suppose that flx,y) is Lipschitz continuous with respect to y for

y € [inf z(x,t), sup Z(x,t) ], uniformly in x,. then

(x,t)€E ,t)€E

z(x,t) < u(x,t) < 2(x,t)

PROOF. This theorem is a special case of Theorem 12 of PROTTER & WEINBERGER
[3, p.187]. The proof of this theorem is similar to that of Theorem II.3.5

for the one-dimensional case. [J

2.2. Operators

We recall the following definitions and lemmas from TEMME [4, Chapter
VI, Sections 2 and 4]. Let X and Y denote normed linear spaces. An operator
F: X > Y is called bounded if it maps bounded sets of X into bounded sets of

Y. An operator F: X - Y is called continuous if for any sequence {xk} in X
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which converges to x, the sequence {ka} converges to FxX. A linear operator
is continuous iff it is bounded. A (nonlinear) operator F: X - Y is called
compact if it is continuous and has the property that {ka} has a convergent

subsequence whenever {xk} is bounded.

LEMMA 2.3. Let X, Y, 2z denote normed vector spaces.

(1) If T: X > Y Zs bounded and continuous and S: Y + Z is bounded and con—
tinuous, then ST: X + Z is bounded and continuous.

(ii) If T: X > Y ©s bounded and continuous and S: Y + 2 is compact, then
ST: X -~ Z 78 compact.

PROOF. Elementary. [J

LEMMA 2.4. Let 0 < a <1, 1 < p < ®, and let D be a bounded domain in R
with sufficiently smooth (c2+0‘) boundary. Then the identity maps

1: 2 ) » %% (p)

and

1: 52'P () > 1P(D)

are compact.

PROOF. These are special cases of Theorems II.2.1 and II.2.4. These theorems
are not proved in Chapter II, but a proof can be found in WLOKA [5, Section
28] and WLOKA [6, Section 4].

LEMMA 2.5. If p > n, then 52'P(D) < c®*®(D), 0 < a < 1, and the identity

map is continuous.

+
PROOF. By Theorem IT.2.4, H2'P() < c'*Bp), g =1 - gu Theorem II.2.1 yields
C1+B(D) c CO+Q(D). The proofs of Theorems II.2.5 and II.2.1 can be found in

MORREY [7, Theorem 3.6.6] and WLOKA [5, Section 28], respectively. [J

Another operator needed in the following sections is the nonlinear op-

erator F acting on u such that Fu(.) = £(.,u(.)).

PR « B P - N .
LEMMA 2.6. Given f: R * R >R, Llel £(.,y): K - R be HOlder continuous
with exponent o uniformly in y, and let £(x,.): R +~ R be Lipschitz continu-
ous (o=1) uniformly in x. Then Fu(.) = £(.,u(.)) Zs Hlder continuous with

O+o
exponent o for each u e C .
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LEMMA 2.7. Let f satisfy the conditions of Lemma 2.6. Then the operator

F: CO+G(D) > c0+a(D) 18 bounded and continuous.

The proofs of these two lemmas are elementary.

LEMMA 2.8. Let f satisfy the conditions of Lemma 2.6. Then F: P > P (o)
18 bounded and continuous.

PROOF. F maps all of LF(D) into LP(D) since D is bounded and F is Lipschitz
continuous with respect to u. Therefore F: LP(D) > Lp(D) is bounded and con-

tinuous, see e.g. TEMME [4, Chapter X, Theorem 2.4.2].

2.3. Existence and reqularity of solutions

Consider the elliptic boundary value problem

(L-R)u

h(x) in D,
(2.3)

u]aD = q(X),

where L, given in (2.1), is uniformly strongly elliptic. The coefficients

+
satisfy alj € C0 (D), a € C1 Ot(D), 0 < a £ 1. The domain D is bounded and

2+
the boundary is suff1c1ently smooth (C a). If g(x) is a C ¢ function de-
fined on the boundary of D, then g(x) can be extended to a function §(x) €
C2+a(D). This is proved in TREVES [8, p.191]. If @ is a nonpositive constant
O+a

and h € C (D), then we have the following theorem.
THEOREM 2.9 (SCHAUDER). Under the above assumptions, the boundary value prob-
lem (2.3) has a unique solution u € c (D), and furthermore,

(2.4) ‘u'zm < K(lhl +I§!

’

2+a

where K does not depend on h and g.

PROOF. For the proof see COOLEN, FéRCH, DE JAGER & PIJLS [9] or DOUGLIS &
NIRENBERG [10].

For g fixed, the equation (2.3) has a unique solutlon u € C (D) for
each h ¢ C0 (D) . We denote the map h# u by G. Then G: C (D) - c2+a( D)
is the sum of a constant operator and a linear operator which is bounded
by the estimates (2.4), thus G is continuous. We denote this operator by
G because of its connection with the Green's function of (2.3); G is the

inverse of the operator L with boundary conditions. Often we call G simply

the inverse of L.
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THEOREM 2.10. Let 1 < p < « ynder the above assumptions for L, D and §, the
boundary value problem (2.3) has a unique solution u e H2'P(D) Zf h € P (o)
and, furthermore,

(2.5) “u"2,p < K(Hhﬂo P+HqH2,p).

’

PROOF. See AGMON, DOUGLIS & NIRENBERG [11, Theorem 15.2]1. [

For g fixed, the operator G: Lp(D) - Hz'p(b), associating with each
admissible right-hand term h the uniquely determined solution u, is the
sum of a constant operator and a bounded linear operator. Thus G is con-
tinuous.

The theorems on the existence and regularity of solutions of parabolic
initial boundary value problems, as given in Chapter II, also hold when o
is replaced by Lu, where L is a uniformly strongly elliptic operator, with
some additional requirements on the coefficients of L and on the region D.

We need the existence of a regular solution of the following nonlinear prob-

lem:
Ju
Lu + £(x,u) - 3t = 0, X € D, oO<t«<rmT,
(2.6) u(x,t) |5D = g(x),
u(x,0) = uo(x), x € D,

where L and g are as given at the beginning of this subsection.

THEOREM 2.11. Let L, g and D be as in Theorem 2.9, let u, € L (D).
Moreover let f(x,u) be H5lder continuous in x € D, uniformly for all u € R
and Lipschitz continuous in u € R, uniformly for all x € D. Then there
exists a classical solution u of (2.6). Furthermore there exists a constant
B € (0,1) such that for all D' with D' c D and for all bounded intervals
2"’B(D') for all

(I) for all x € D'. Fuwthermore, if uo(x), s

I with I ¢ (0,»), this solution u satisfies u(-,t) € C
t e I, and u(x,*) € C1+B
continuous, then

lim u(x,t) = uo(x).
t+40

PROOF. For the proof of this theorem we refer to LADYZHENSKAYA, SOLLONNIKOV
& URAL'CEVA [12, p.419]. The techniques used there are similar to those used
in the proof of Theorem II.3.5. [J
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THEOREM 2.12. If u(x,t) Zs a uniformly bounded solution of (2.6) and
lim u(x,t) = 4(x)
oo

exists, then 1(x) is a classical solution of the elliptic boundary value

problem

Lu + Fu 0,

€2.7)

ulyy =9

where Fu is defined by Fu(x) = f(x,u(x)).

PROOF. We will give the proof for the homogeneous case g = 0. (There is no
loss of generality, because we can always consider the difference between
the function u(x,t) and the solution of the elliptic boundary value problem
Lw = 0 in D, WIBD = g.) )
First, we prove that G(x) is a weak solution of (2.7), i.e. 4 € L (D),

Li € L2(D), and
(2.8) (La,€) + (FO,6) =0, V& e C (D),
. 2
where (.,.) is the L= inner product
(v,w) = f vw dx.
D
Equation (2.8) is equivalent (cf. II.2) to
-~ * 0
(4,L &) + (FG,8) =0, Vg € CO(D).

*
where L is the adjoint operator of L:

* n 32 no
v L gm0 0 Loa B
i,j=1 i3 i=1
The function u(x,t) satisfies Lu + Fu - %%-= 0, ulBD = 0. Taking the inner

product with a function & ¢ C:(D), we obtain
(Lu,&) + (Fu,&) - (ut,i) = 0.
Partial integration of the first term results in
*
(u,L &) + (Fu,8) - (ut.E) = 0.

This equality holds for all t, 0 < t < ®. So we have
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T T

1
(Fu,&)dt - ;J (ut,E)dt = 0.

1 T * 1
E-J (u,L £)dt + T J .

0 0

Now let T » «; then
1 T * *
T J (u,L g)dat - (a,Lg),
0

because of the Lebesgue dominated convergence theorem. Here the assumption

of uniform boundedness on the solution u is used. Similarly,

T
J (Fu,g)dt >~ (F4,8),
0

Hl=

and

Hl=

T T
_l _a_ _ (u('IT)Ig)—(u(GIO)Ig)
Jo(utlg)dt - T JO at(ulg)dt = T > 0-

Therefore we get in the limit, as T + =, that
*
(4,L &) + (F4,8) = 0,

for each £ € C;(D).
Now we have to show that @ is a regular solution of (2.7). First, we
note that G is uniformly bounded in D, and thus 4 ¢ LP(D). Then, by the
proof of Lemma 2.8, Fi = £(+,0(*)) ¢ Lp(D). Consider the boundary value problem

J/Lw = -F{4 in D,

[vlyp = 0

We recall that Fa(x) = f(x,3(x)). Let G be the mapping that associates with

(2.9)

each right-hand term the unique solution w. The solution of (2.9) may then
be written as w = -GFQ = -Gf(.,0(.)). Then w ¢ H°'P(D), by Theorem 2.10. If
p > n, then w ¢ C0+a(D), by Lemma 2.5. Thus we have

(w,L'E) = -(era,17¢) = -(Fa,8) = (a,1F),
hence
(w—ﬁ,L*E) =0 for each £ € CS(D),
and thus (w-@,n) = 0 for a%l n e C:(D) because of the invertibility of L and

’ *
thus of L . Thus @ = w almost everywhere, and we can redefine 4 on a set

of measure zero such that G = w ¢ C0+a(D). Again putting
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w = -GFd,
+0
and using Theorem 2.9, we obtain that w € C2 (D), and the same argument that
2+
4 = w finally results in 4 € C 0L(D), and thus @ is a regular solution of

(2.7y. O

3. MONOTONE ITERATION SCHEMES WHICH CONVERGE TO SOLUTIONS OF A NONLINEAR
ELLIPTIC BOUNDARY VALUE PROBLEM

Let us consider the nonlinear elliptic boundary value problem

(3.1) Lu + f(x,u) =0 in D,

ulyp = 9

where L is a second order, uniformly strongly elliptic operator, as defined
in Section 2 (formulas (2.1), (2.2)). Concerning L, f, g and D, the follow-
ing assumptions are made: D is a bounded domain in R" and its boundary 9D

-+
is sufficiently smooth (C2 a). The coefficients of L satisfy aij € C0+a(D),

1+
ai e C 0L(D), and the function g on the boundary is the restriction of a

function § € C2+a(D). Finally, the function f: R xR >R is supposed to be
of class Co+a(D) with respect to x, uniformly in y, and continuously differ-
entiable with respect to y, for all x € D.

We will use monotone iteration schemes to give a constructive proof of
the existence of solutions of the boundary value problem (3.1). For this we

need the notions of upper and lower solutions.
DEFINITION 3.1. An upper solution ¢ of (3.1) is a function such that

6 e 2 ncd,
Lo (x) + £(x,4(x)) <0, x € D,
ol 2 900

a lower solution ¢ of (3.1) is a function such that

vecto ncd,
Ly(x) + £(x,9(x)) 2 0, x € D,
¢|3D < g(x).

THEOREM 3.2. If there exists an upper solution ¢ and a lower solution ¥ of
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(3.1) such that
Y < ¢ in D,
then a solution u of (3.1) exists such that

Yy <uc<é in D.

Before we prove this theorem we make some advance preparations. Given

the functions ¢ and y we can consider the function f on the compact region

W=1{(x,y) | xeD, ye [inf y, sup ¢1}.
xeD xeD

Then fy(x,y) is bounded on W and a nonnegative constant Q exists such that
(3.2) fy(x,y) + Q> 0, (x,y) € W.

Consequently, f(x,u) + Qu is monotone increasing in u for this choice of Q.

Now let us consider the following boundary value problem

(L-Q)u = -[£(x,v)+Qv] in D,
(3.3)

uIaD =9

Let ul,u2 € C2(D) n c(D) satisfy (3.3) with v replaced by vy respectively

v If v, < v2, then u, < u, in D unless v, = v2. This is proved by the max-

2° 1 1 2 1

imum principle (Theorem 2.1): the function w = u1 - u2 satisfies, by the

monotonicity of f(x,y) + Qy:

(L-Q)w

—[f(x,v1)+9v1] + [f(x,v2)+9v2] > 0,
W!BD = 0.

The monotone operator v # u in (3.3) will play a central role in the itera-
tion scheme. Let us introduce some auxiliary operators. The nonlinear opera-

tor F is defined by
Fv(x) = -[£(x,v(x))+Qv(x)].
Consider the linear boundary value problem

7
(L-Q)w = h(x) in D,

wlyp =g
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then the linear operator G is the operator that associates with each right-
. +a
hand term h the unique solution w. If v and h are elements of C0 (D) , then

-+
by Lemma 2.7 F: c0+a(D) - co 0L(D) is a continuous and bounded operator, and

O+a 2+0. . . P
by Theorem 2.9 G: C (D) > C (D) is a continuous operator since it is the
sum of a bounded linear and a constant operator. So the composition GF:

2+0, 2+a

CO+Q(D) > C (D) is continuous and bounded. The identity map I: C (D) ~

+0
-> Co (D) is compact, and so the operator

(3.4) T = 16F: V%) > % p)

is compact (cf. Lemma 2.3). Furthermore, we have seen that T is monotone.
LEMMA 3.3. Let ¢ and  be as in Definition 3.1. Then

GF$ < ¢ in D

GFy > ¢ in D,
unless GFp = ¢ or GFy = {.
PROOF. We give the proof for ¢; the proof for ¥y is similar. The function ¢

is twice continuously differentiable in D, so it is certainly an element of

+ +
C0 0L(D). Hence GF¢ is a well-defined function in C2 OL(D). Consider (GF¢-¢)

(L-Q) (GF$-¢) = Fé - (L-Q)¢ = O  in D,
(GF¢=6) |, =g - ¢l ) < 0.

Therefore by Theorem 2.1 GF$ - ¢ < O in D unless GF¢ = ¢. [

PROOF OF THEOREM 3.2. We will now prove Theorem 3.2 by defining a monotone

decreasing and a monotone increasing sequence of functions and by showing
that they both tend to a solution of (3.1). Let T be given in (3.4), let

uo = ¢, v0 =  and suppose u v, are given by u = Tuk—l’ Vi T Tvk-l' Then

k' 'k
by Lemma 3.3 and the monotonicity of T, the sequence {uk} is monotone de-
creasing and {vk} is monotone increasing. Furthermore, ¥ < ¢ results in

Vi < Ygr

wise limits G = limkaw u and ¥ = 1imk+m vk both exist. If we could prove

for all k. So both sequences are monotone and bounded and the point-

the boundedness of {uk} and {vk} in c0%% (D), then the compactness of T and
the monotonicity of the sequences would be sufficient to show that

4= limk+w uk = 1imkém Tuk_1 = T4, and similarly that ¢ = T9¥, and G and
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v e CO+Q(D). Then the Schauder estimates (Theorem 2.9) would yield that 4

2
C +a(D), and so they would be regular solutions of (3.1). However,

and V €
we are not able to prove the boundedness of both series in Co+a(D) for a
general elliptic operator, so we will follow another way, using Sobolev
spaces. Now we consider F: LP(D) > Lp(D), G: Lp(D) +-H2'p(D), and

I: Hz'p(D) > 1Py, Again, the operator
T = 16F: 1P(D) » 1P (D)

is compact (cf. Lemmas 2.8, 2.3, 2.4 and Theorem 2.10). Because {uk} and
{vk} are bounded by ¥ and ¢, the sequences {uk} and {vk} are bounded in
tP(D). Thus, by the compactness of T, the sequences {Tuk} and {Tvk} have a
convergent subsequence. Because of the monotonicity, Tuk + 4, Tv, > ¢ in

k
Lp(D). Thus we have

8 = lim Tu_ = lim Tou . = Ta € I2(D),
k k-1
k> k>

and similarly ¢ = TV ¢ LP(D). So G4 and ¢ are LP(D) functions satisfying
GF4G = 4, GF¢ = ¥, and thus 4 and ¥ ¢ Hz’p(D). Then by Lemma 2.5, choosing

) +
p > n, we conclude that 4 and ¢ € C0 OL(D), and finally by the estimates of
Schauder (Theorem 2.9) we conclude that @ and ¢ ¢ C2+a(D) and thus are

regular solutions of (3.1). From the monotonicity we have

V<v <osac<uy <¢ inD. 0O

COROLLARY 3.4. The solutions 4 and ¥ constructed in the proof of Theorem
3.2 are maximal and minimal solutions in the region y < u < ¢: 2f w 8 a
solution of (3.1) such that ¢ < w < ¢, then ¥ < w < 1.

PROOF. We have w = Tw, w £ ¢ in D. By the monotonicity of T we have
Tw < T¢ in D, or w < Tp = u, in D. By induction, we have w < u in D for all
k, and hence w < @ in D. Similarly w =2 ¢ in D. [J

4. AN EXAMPLE OF A BIFURCATION PROBLEM

In this section we will apply the results of the previous section to

investigate the solutions of the boundary value problem
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4.1 (A+p)u - u3 =0 in D,
(4.1) u=20 on 3D,

where A is the Laplace operator,
2
A-“/B)
- o B
121 \3xg

in some domain D < R’ with smooth boundary 98D. For the well-known results
on linear eigenvalue problems used in this section we refer to COURANT &

HILBERT [13, p.451, p.423].

4.1. Existence and nonexistence of nontrivial solutions

The linearized problem of (4.1) is

(A+u)v = 0 in D,
(4.2) {v =0 ' on 3D.
The boundary value problem (4.2) only has nontrivial solutions if u = Al,lz,
..., where O < Xl < Az < ... . Let ¢, be the first eigenfunction of the
Laplacian:

A, + A, 6, =0 in D,
(4.3) ¢11= 0 171 on 3D;

then A, > 0 and ¢, > 0 in D and ¢, € c®**(p) if 3D is sufficiently smooth
(C2+a)

First we will prove:

LEMMA 4.1. If u < A, then the boundary value problem (4.1) has no solutions
other than u = 0.

PROOF. The eigenvalues of the Laplace operator depend monotonically and
continuously on the domain (with mild qualifications on the variation of

the domain). Specifically, if u < A there is a domain D' 2 D such that

1!

Awl + uwl =0 in D',

I#]-laDl = O’

and wl > 0 in the interior of D'. Then wl is strictly positive on D. If u is
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a solution of (4.1) we consider the regular function
(4.4) w = u/wl.

Substitution of (4.4) into (4.1) results in the following equation for w:

Aw + 5%—(V¢1)!(Vw) + w(-wzwf) =0 in D,

wlaD =0.

The coefficient of w is nonpositive, so by the maximum principle (Theorem
2.1) we have w = 0 and therefore u = 0 is the unique solution of (4.1) for

u<>\1. 0

THEOREM 4.2. If u > A,, the boundary value problem (4.1) has at least two

'
nontrivial soZutions:lone positive and one negative.

PROOF. First note that if u is a solution, then -u is also a solution. So
we will only prove the existence of a positive solution. We will use the
methods of the previous secticn, and so we will look for upper and lower
solutions. To construct upper and lower solutions we consider the function
0¢1, where o is a positive constant and ¢1 is the first eigenfunction of

the Laplacian. Let ¢1 be normalized such that

sup l¢1(x)|

1, ¢1 > 0 in D.
xeD

(4.5)

Then we have

g 3 2 2 .
(4.6) (A+u)(0¢1) - (o¢1) = o¢1[(p—X1) -0 ¢1] in D,
c¢1 =0 on 9D.

For u > Al, the right-hand side of (4.6) is nonnegative when ¢ is small

enough, i.e. (cf. 4.5), when
(4.7) 0 <o < (u-r,)?

we have
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() (06,) - (06> >0 inb,
(c¢1) =0 on 9D,

and thus o¢1 is a positive lower solution if 0 satisfies (4.7). To get a

positive upper solution 2 c¢1 we consider Bwl, where w1 is the first

eigenfunction of

] = 5 ]
Aw1‘+ Xlwl 0 in D', )
¢1 =0 on D' o D,

so we have Ai < Al < u and Bwl >0 onD if B > 0. The function B¢1 satisfies

the equation

() 89y - (Bup® = By LA - 87D i D,
Bwl >0 on oD.

Since Bwl > 0 on D, the quantity in brackets is negative for suitably large
g. Therefore, Bw1 is an upper solution for large positive B (see Figure 1),
and for B large enough we have, in addition, Bwl > 0¢1 > 0. So we have
found a positive lower solution,
: 1
b =ob,, 0 <o < (uApt,
and a positive upper solution,

¢=B\P1, g >0,

of (4.1). Also, the inequality

Figure 1
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holds. By Theorem 3.2, the existence of a positive solution ¢ < u < ¢ is
proved for up > Ai' and similarly a negative solution -u, -¢ < -u < -y

exists. [J

REMARK 4.3. From the proof of Theorem 4.2 it follows that the positive

solution u exceeds 09, where sup|¢1(x)| =1 and o can be chosen
xeD

1
to be (p-Al)z. This shows that the positive solution has a maximum value ex-
1

ceeding (u-)\l)E and tending to +® as y -+ +w,

4.2. stability of the trivial solution for u < A

1

We wish to examine the stability of the solutions found by the itera-
tion method. In the following section we will prove that if there is only
one solution y < u < ¢, where y is a lower solution and ¢ is an upper
solution, then this solution is asymptotically stable. In this subsection
we will give an upper and a lower solution for the null solution of (4.1)
if pw < Al, and in Theorem 4.5 we will prove that this solution is indeed

asymptotically stable.

LEMMA 4.4. If u < Ay then ¢ (defined in 4.3) <s an upper solution and
-4, s a lower solution for (4.1).

PROOF. The function ¢1 satisfies

J(Awml - 63 = u-A-¢°%, <0 inD,
[¢1|8D =0

because p < Al and ¢1 > 0. Similarly

3 .
(M) (=¢4) = (=) > 0 in D,
=6l =0. O
We will prove that for p < A, the solution u = 0 is a stable solution

1
of the parabolic initial value problem

3 "du _
(A+p)u - u” - rrel o,
(4.8) u=0 X € 3D,

u(x,0) = uO(X),

gorresponding to the boundary value problem (4.1).
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THEOREM 4.5. When u < A, there exist constants k > 0 and o > O (depending
only on Al - u) such that the solution u of the initial value problem (4.8)
satisfies

-0t

(4.9) |u(x,t)| < ke supluo(x)lb

xeD

PROOF. Let wl(x) be the first eigenfunction of the Laplacian on a region

D' > D such that the first eigenvalue A{ satisfies u < Ai < X. Thus we have

By, (x) + Ay, (x) =0 in D' o D,
wl(x) =0 on 3D',

and wl(x) > 0 in D. Normalize wl(x) so that supxeslwl(x)| = 1, and put
-0t
ulx,t) = wix, B, (xe -,

with 0 > O to be chosen later. We get for w the equation

W

1 W22 W _
Aw + 2 TF;'. w + W[(U-Xl) w w1+0] "3 o,
WIBD =0,

u_ (x)

0
w(x,0) = .

wl(x)

1
If ¢ is chosen so that u - Al + 0 < 0, then the gquantity in brackets is

always negative, so by the maximum principle (Theorem 2.2) we have

u, (x)

|wix,t)| < sup|w(x,0) | = sup E;T;T

xeD xeD

The theorem now follows by taking

k = sup ——
xeD ¥, (),
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5. THE STABILITY OF SOLUTIONS OBTAINED BY ITERATION

In this section we consider the stability properties of the solutions

of the elliptic boundary value problem obtained by the monotone iteration

process of Section 3. Let us consider the parabolic boundary initial value

problem
Lu(x,t) + £(x,u(x,t)) - wa(tﬁ?)—) =0,
(5.1) u(x’t)lan = g(x),

u(x,0) = uo (x),

with the same assumptions on D,L,f and g as in Section 3. Then the solutions
of (3.1) are time-independent solutions of (5.1). In this section we will
show that the solution @ obtained by starting the iteration at ¢, an upper

solution of (3.1), is asymptotically stable from above:

if 4(x) < uo(x) < ¢ (x), then tig u(x,t) = 4(x);
and similarly, the solution ¢ is stable from below. In the special case that
G = ¥ we will have that @ is asymptotically stable: if P(x) < uo(x) < ¢(x),
x € D, then u(x,t) » @(x) if t + ». So, with the iteration methods given
in Section 3 it is not possible to obtain unstable solutions. On the other
hand, each solution obtained by iteration is asymptotically stable at least

from above or from below.

THEOREM 5.1. If ¢ Zs an upper solution of (3.1), then the solution Z(x,t)

of the parabolic initial value problem (5.1) with initial data Z(x,0) = ¢(x)
s a monotonically nonincreasing funétion of t. If ¥ s a lower solution of
(3.1), then the solution z(x,t) of (5.1) with initial data z(x,0) = Y(x) s

nondecreasing in t.

PROOF. If Z exists then it satisfies

3
J Lz + f£(x,2) - —%-= 0,
Z(x,t) |y~ gix),
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and ¢(x) satisfies

Lo + £(x,¢) - %% <0,
rb(x)laD 2 g(x),

d(x) = ¢(x), t

]
o

(¢ is independent of t, thus %%—= 0) . Thus by Theorem 2.2 we have
Z(x,t) < ¢(x). Now let us consider the function Zh(x,t) = Z(x,t+h), h > O.

The function Zh(x,t) satisfies (5.1) with initial data
Zh(x,O) = Z(x,h) < ¢(x).

Thus by Theorem 2.2 Zh(x,t) < 7Z(x,t) and so Z(x,t) is nonincreasing in t.

The proof that z(x,t) is nondecreasing is similar. So we have
P(x) < z(x,t) < 2(x,t) £ ¢(x).

The function f(x,y) is supposed to be continuously differentiable in y so
it is Lipschitz continuous on any compact subset S of IR. We know that if
z and Z exist then z and Z ¢ S = [infxeD Y(x), sup_ o ¢ (x)], so if £(x,y)
is not uniformly Lipschitz continuous on R then we can change f(x,y) for
y ¢ S such that f(x,y) does have the required property. Now existence and
regularity is guaranteed by Theorem 2.11. [

By Theorem 2.2 each solution u(x,t) of (5.1) with P(x) < uo(x) < ¢ (x)

satisfies
P(x) € z(x,t) < ulx,t) < Z(x,t) < ¢(x).

In particular Z(x,t) satisfies G(x) < Z(x,t) < ¢(x). So Z(x,t) is bounded
below and is monotonically decreasing in t; thus lim Z(x,t) exists and is a
t>o0

solution of the elliptic boundary value problem (3.1), by Theorem 2.12.

Because of the maximality of @(x) (cf. Corollary 3.4) we have
lim Z(x,t) = 4(x).
t>o

Each solution u(x,t) with initial data G(x) < un(x) < ¢(x) satisfies
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4(x) < u(x,t) < z2(x,t),

and so we have proved:

LEMMA 5.2. If u(x,t) 28 a solution of (5.1) with initial data
a(x) < uo(x) < ¢(x), then

lim u(x,t) = G(x).
£t
If v(x) < u.(x) < 9(x), then

0

lim u(x,t) = ¥(x).
o0

If G =9, then 4 is asymptotically stable both from above and from below.

COROLLARY 5.3. If there exist an upper solution ¢ and a lower solution V of
(3.1), and if there is only one solution @ such that y(x) < a(x) < ¢(x),
then this solution is an asymptotically stable equilibrium solution of the
parabolic boundary initial value problem (5.1) and each solution of (5.1)
with initial data Y(x) < uy (%) < ¢(x) tends to G(x) If t »> .

A converse to Corollary 5.3 also holds: Let us consider the derivative
operator L + fﬁ(x,ﬁ(x)). Then the first eigenfunction ¢1 of the eigenvalue

problem

JL¢ + £, (x,8(x))9 = A9,
“’laD =0, '

is positive. Let Al be the associated eigenvalue.

THEOREM 5.4. If Ay <0, then 4 is stable and is the limit of upper solutions
from above and lower solutions from below. If Ay >0, and 4 s an isolated

solution then G is unstable.

PROOF'. Suppose Al < 0 and consider v = 4 + €¢1. We have

f(x,G+e9,) = £(x,4) + €¢,f _(x,4) + o(eo,)
1 17u "1

(f(x,.) is supposed to be continuously differentiable), and thus
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Lv + £(x,v) = €K1¢1 + ¢1o(e),

v,y = 9-

Since ¢1 2 0 and ekl¢1 dominates the term ¢1o(a) for small €,v is an upper
solution for € > 0 and a lower solution for € < 0. Now the stability of G
follows from Corollary 5.3. This establishes the first statement of the
theorem. If Al > 0, then 4 + E¢1 is a lower solution for € > 0 and an
upper solution for € < 0. To establish the instability of 4, let Ve be a
solution of the initial value problem (5.1) with vé(x,O) =4 + 6¢1 (say

§ > 0). Then va(x,t) is increasing for t > 0 (assuming § is sufficiently
small so that vé(x,O) is a lower solution). Consequently, either vs(x,t)

tends to infinity or it tends to an equilibrium solution 06 with

VG(X) > va(x,O) > 4(x) in D,

and thus @ is an unstable solution. Here we need that the solution 4 is
isolated, because otherwise it would be possible that 66 -+ 4 as 6+0. In
the one dimensional case it will be proved that it is not necessary to

require that @ is isolated (cf. Chapter V, Theorem 7.3). (]
Finally we make the following remark?

REMARK 5.5. The boundary condition u = g can be replaced by the general

aD
boundary condition

Ju
v T bulaD =9

where b 2 0, b # 0, and v is an outward directed vector field, and b and v

are sufficiently smooth.

REMARK 5.6. By the methods of this chapter the existence of a nontrivial
solution u, 0 < u < 1, of the problem treated in Chapter I (I.(5.3), I.(5.4))
can be proved when both the solution u = 0 and the solution u = 1 are un-
stable.

For the application of the iteration scheme of Section 3 of this chapter,

: -xX“ .
we make the substitution u = e ~ u in (5.4) of Chapter I, in order to get

boundary conditions which guarantee uniqueness in (3.3) of this chapter.
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REMARK 5.7. It is possible to obtain the solution of the initial boundary

value problem (5.1) by using the iteration scheme

du
n—_
T-Du - 5 = -lfxu ) +0u _ x)],

un(x,t)l3D = g(x),

un(X,O) = uO(X),

starting at an upper or a lower solution.
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IV. TRAVELLING FRONTS
1. INTRODUCTION

Mathematical models of biological phenomena are one of the most impor-
tant sources of nonlinear diffusion problems. Perhaps the earliest indica-
tion of this is to be found in the work of FISHER [1,2] on a population
genetic model. For continuous time and spatially distributed populations

the model leads to the nonlinear diffusion equation

(1.1) u, = du + f(u),
where
(1.2) f(u) = u(1—u){(T1—T2)(1-u)—(‘r3—'t2)u}

and u denotes the relative density of a certain gene in the population (see
Section I.4).
The relevant questions to be asked about the solutions of (1.1) depend

on some further information concerning the domain of definition and the

boundary conditions, if any. In the Sections 2,3 and 4 of the present chap-
ter we will study equation (1.1) when the space domain is one-dimensional
and unbounded at both sides. Consequently there are no boundary conditions.
Since u is supposed to be a frequency, we occupy ourselves with solutions u
satisfying O < u < 1 only. In Sections 2 and 3 we assume that f satisfies

some qualitative properties, namely

(1.3) £eclfonl, £0 =£(1) =0, £ >0 in (0,1),
£'(0) > 0, £'(1) < 0.

0 1\u —

Figure 1
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In the event that £ is given by (1.2), this corresponds to T3 < T, < Tq. In
Section 4 the more complicated situation which arises when f changes sign on
[0,1] will be analysed. Finally, Section 5 is devoted to the initial-bound-
ary value problem for equation (1.1) when the space domain is at one side
bounded.

For theorems on existence and uniqueness of solutions of the initial
value problem we refer to Chapter II. Under these presuppositions, what are
the really interesting questions?

First of all, one wants to know whether or not u = 0 and u = 1 are the
only equilibrium solutions (i.e., solutions of u . + £(u) = 0) satisfying
0 < u < 1. Of course, the autonomous ordinary differential equation
u + f(u) = 0 can be studied very well by analyzing trajectories in the
phase plane.

Then, one is interested in the stability of equilibrium solutions and
in their domain of attraction (which is defined as the set of initial func-
tions for which the solution approaches the equilibrium solutibn as t > ®).
The appropriate techniques for solving this question are Lyapunov's second
method, and the method of constructing upper or lower solutions and using
the maximum principle. Related to this are the question of stabilization
(does every solution tend to some equilibrium solution as t - «?), and the
question of (non)existence of periodic solutions. )

The next step may be to ask about the approach towards equilibrium
solutions, and here one encounters an intriguing phenomenon which is typi-
cal for an unbounded space domain. For ease of formulation we first‘'state a

definition.

DEFINITION 1.1. A solution u(x,t) = w(x-ct) of

(1.4) u = + £(u),
where w(-®) = 1, W(+o) = 0 and 0 < W < 1, is called a (travelling) front

and the constant c is called the speed of the front.

One may visualize a travelling front as a function of x which, as time in-
creases, is propagated with constant velocity c without any alteration in
shape.

Travelling fronts have already been mentioned by FISHER [1, 2], and he



86

conjectured the existence of a minimal speed. In 1937 KOLMOGOROFF et al. [3]
actually proved the existence of a closed half-line [co,w) of possible
speeds.

By definition, a front is a solution of
(1.5) w" + cw' + £(w) = 0,

satisfying w(-«) = 1, w(+®) = 0, 0 <W < 1. The autonomous ordinary differ-
ential equation (1.5) can be studied by phase plane methods. The objective
is then to show the existence of a trajectory connecting the singular points
(w,w') = (1,0) and (w,w') = (0,0) (a so-called heteroclinic trajectory).
Clearly this amounts to studying the invariant manifolds that are associated
with the singular points, and in particular their dependence on the para-
meter c. This will be done in Section 2 and the results will then be used in
Section 3 to obtain information on the asymptotic behaviour as t > © of sol-
utions of the initial value problem. In Section 4 we follow the same lines
with now f satisfying different qualitative assumptions and in Section 5
analogous results for the initial-boundary value problem are derived.

Though in this chapter we will hardly enter into the question of stabil-
ity of travelling fronts, some remarks seem to be in order. Let w be a travel-

ing front; then the set
{w(x-ct) | -= < t < =}

is clearly invariant with respect to the differential equation (1.4), and

one can associate a notion of stability with the travelling front w. One can-
not expect that |w(x-ct)-u(x,t)| + 0 as t > » if |w(x)-u(x,0)| is small, as
is clear from taking u(x,0) = w(x+h), with h small. Rather, one would ex-
pect that at best |w(x-ct+h)-u(x,t)| + 0 as t > «» for some suitably chosen

h, and perhaps the best formulation is the following: If

SUP_, e |w(x)-u(x,0)| is small, is

lim inf sup |w(x-ct+h)-u(x,t)| = 0?
t>0 —o<h<o —co<x<®

One should compare this notion of (asymptotic) stability with the no-
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tion of orbital stability of periodic solutions. The question of stability
of travelling fronts, and in particular the characterization of domains of
attraction, is only beginning to be analyzed and the interested reader may
consult [4, 5]. Some recent results of FIFE & McLEOD [6,16] are treated in

Section 4.

Thus far, we have motivated the study of equation (1.4) with the appli-
cation in population genetics only. However, one should realize that quite
different phenomena may have completely similar dynamic behaviour and can be
modelled by the same equation (though the underlying mechanism is, of course,
in no sense the same). Regarding equation (1.4) we mention flame propagation
([7]) and chemical reactions. Moreover, the study of equation (1.4) may be
viewed as a first step towards the analysis of the more complicated equa-
tions describing nerve impulse propagation (see Chapter VII).

Finally, we mention that the material in the next sections is to a
great extent based on papers of HADELER & ROTHE [8], ARONSON & WEINBERGER
[9] and FIFE & McLEOD [6,16].

2. PHASE PLANE CONSIDERATIONS

In this section we will study the autonomous ordinary differential

equation

(2.1) u + cu + £(u) =0,
XX x

with f satisfying (1.3), by analyzing the trajectories of the corresponding

system of first order equations

]

u v,
(2.2) x

<
]

-f(u) - cv

in the (u,v)-plane (the so-called phase plane). In the first subsection we
discuss the types of singular points (i.e., solutions of v = 0, £(u) = 0).
In the second subsection we occupy ourselves with trajectories joining sing-
ular points, and we subsequently treat the characterization of the set of
values of ¢ for which such trajectories exist. Finally the example with

f(u) = u(l-u) (1+vu), v > -1 is worked out in some detail.
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2.1. Types of singular points

Let us introduce the vector notation £ = (u,v)T, F(g,c) = (v,—f(u)—cv)T,

then (2.2) can be written as

(2.3) £ - rio,

where we have emphasized the dependence of the system on the parameter c.
Under very mild restrictions with regard to F (as we have f ¢ Cl, these
requirements are satisfied) one can prove that solutions of the nonlinear
system show in general near a singular point the same qualitative behaviour
as solutions of the linearized system (cf. CODDINGTON & LEVINSON [10,Ch.151;
see below for the exceptions). It follows that the behaviour near a singular
point = go can be determined to some extent from the knowledge of the
eigenvalues of the Jacobian matrix F'(go,c), the derivative of F(-.,c) with
respect to £ at EO'

In our particular case the singular points are the points 50 = (uO,O)
with f(uo) = 0. Moreover

0 1
F'(Ey,c) =

'

-f'(uo) -c

and the eigenvalues are

11 = {-c+Vc2—4f'(u0)}/2, A, = {—c—¢02—4f'(u0)}/2.

2

Note that the eigenvalues are either real or complex conjugated. We distin-
guish the following cases.
Case_a. Both eigenvalues Al’ AZ are real and have opposite sign, say Al > 0,

A2 < 0. Then the singular point is called a saddle point. The solutions of
the linearized equation are given by

Ay X
252827,

— )\lx
E(x) = Eo +cge +c
with cr cy arbitrary constants and 51, 52 the eigenvectors belonging to Al,
Az respectively. For c1 =0, c2 # 0 the solution tends to 50 for x » 4w,
whereas if c1 # 0, c2 = 0 the solution tends to EO for x + -»; and if both

<y # 0, c, # 0, then the solution does not tend to EO for either x + +« or
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x > -». The two eigenvectors thus define two one-dimensional linear mani-

folds: C; = {af; '@ e R}, i = 1,2. C, is called the unstable, C, the

1 2

stable manifold.
For the nonlinear system there exist two manifolds, Sl' 52 which are
invariant with respect to the differential equation, and which have the

same properties as mentioned for C, and C,. Si will be tangent to Ci at the

1 2
singular point. C,» 8, are also called separatrices (see Fig.2).

S S
R /b_\

Figure 2

With our special matrix F'(Eo,c), we have a saddle point if f'(uo) < 0.

Case b. Both eigenvalues A Ao are real and have the same sign. Then the

1!
singular point is called a node, and Xl

a stable node. We can distinguish further.

> 0 refers to an unstable, A1‘< 0 to

b.1. Ai # Az: two-tangent node. All but two trajectories depart from or
arrive at the singular point in the so-called main direction, while the
remaining trajectories will do so in the so-called side direction (see.
Fig.3). For the nonlinear system we get main and side manifolds, tan-
gent to the main and side direction at the singular point. In our case

2
this type will appear if c¢ > 4f'(uo) > 0.

b.2. Al = AZ’ Riesz-index = 1 (see TEMME [11, p.79]): star-like node. All
the trajectories depart from aor arrive at the equilibrium point with
their own direction (see Fig.4). Due to the special form of our matrix

F'(io,c) we shall not encounter this case.
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b.3. Al = Az, Riesz-index = 2: one-tangent node. All the trajectories
depart from or arrive at the singular point in one direction only (see
2

Fig.5). This will happen in our case if ¢ # 0 and ¢ = 4f'(u0).

Figure 3 Figure 4

Figure 5

Case ¢. The eigenvalues Al, Az = il are complex conjugates, Re Al # 0. Then
the singular point is called a focus or spiral. The solutions will circle
around this point. For Re Al > 0 (resp. Re Al < 0) they will tend to the
singular point for x + -» (resp. x + +®) and the singular point is called
an unstable (resp. stable) spiral (see Fig.6). This will happen in our case
if ¢ # 0 and c2 < 4f'(uo).

Case_d. The eigenvalues Al' Az = Xl are complex conjugates, Re Al = 0. Then
the singular point is called a center. All the trajectories near this point
are periodic (see Fig.7). For the nonlinear system this character may easily
be disturbed, and the result may be a spiral or a dense family of periodic

solutions near the singular point. For an extensive review, see ANDRONOV et
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al. [12, Ch.IV] or CODDINGTON & LEVINSON [10, Ch.15].

Figure 6 Figure 7

REMARK 2.1. In the sequel an important property of the invariant manifolds
will frequently be used, namely continuity with respect to c. If we change
c a little, then the corresponding manifolds will lie close together in the
phase plane, at least in finite sets. We cannot refer to an explicit form-
ulation and proof of this result in the literature, but a treatment of the
related subject of continuity of solutions with respect to parameters can
be found in almost every textbook on ordinary differential equations (for

example, see CODDINGTON & LEVINSON [10, Ch.2] or HALE [13, p.24]).

2.2. Two singular points, the existence of a travelling wave

From now on we assume that f(u) satisfies (1.3), so £ ¢ C1[0,1],
£(0) = £(1) = 0, f(u) > 0 in (0,1), £'(0) > 0, £'(1) < O. For values of c
such that 0 < ¢ < ¢c' = 2/?7767; we cannot expect a front, because in that
case (0,0) is a stable spiral, and hence trajectories that approach (0,0)
lie partially in the region u < 0. Therefore we assume further that
c2 > 4f' (0) (see, for c2 = 4f'(0), Remark 2.4). If we take c¢ > 0 we have at
(0,0) a stable two-tangent node and at (1,0) a saddle point with, in this

d
particular case, the direction a§-= Al > 0 for the unstable manifold and
dv

s AZ < 0 for the stable manifold at (1,0). These directions can easily be

derived by examining the eigenvectors belonging to Al’ A,. In the same way

2
the directions at the node are g% = Az for the side manifold and g%—= Al for



92

the main direction (see Fig.8).

Now the question arises under which conditions the unstable manifold
departing from (1,0) will finally arrive at (0,0). A possible approach is
the construction of two piecewise differentiable non-intersecting arcs
v £ 0 and 6 connecting the two singular points. Let 6, parametrized by x,

be given as follows:

6: u = GI(X)’ v = 62(x), -© < x < o
0 < el(x) <1, ez(x) < 0;
01 - 0, 6, > 0, X > oo;

(2.4) 6, » 1,

[e>]
¥
D
A

o, X > —oo;

16,1+ 16,1 # 0, 18,1 + 18,1 >0, x| » =

- < lim éz/é1 < 0;
X0

u =1 for § < v < 0.

)
v
(0,0) (1,0)
u-—)
MD UM
y (1,8)
z
0
SM
MD: main direction Al

SM: side manifold with direction Az at (0,0)

UM: unstable manifold

Figure 8
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Let B be the domain bounded by v = 0, the arc 6, and possibly a seg-
ment of the half-line u = 1, v < 0. Further, we require that the field
(u,v) is directed inward on the boundary of B, while we allow that along

the arc 6 the field (u,v) is tangent to 6. The conditions therefore are

9262 + (f(el) + c92)91 > 0, for all x € R;

(2.’5) v<O0 onu?=1, §<V<O;

-f(u) <0 on 0 <u<l1, v = 0.

Under our presuppositions we see that only the first condition of (2.5)

still remains to be satisfied.

THEOREM 2.2. Suppose we can find 8 such that (2.4), (2.5) are satisfied;
then the closed domain B contains the unstable manifold of the saddle point
(1,0). If continued to x = =, this trajectory enters the stable node at
(0,0) . Thus there is a trajectory comnecting (1,0) with (0,0).

By the unstable manifold we mean now the part of the unstable manifold

leaving (1,0) into u < 1, v < 0.

PROOF.

(1) Suppose a trajectory is in the interior of B at x = 0. Then it stays in
B for every finite x. For, if XO < = were the smallest x for which
(u(xo), v(xo)) ¢ B, then either (uo,vo) = (u(xo), v(xo)) is one of‘the
singular points, or it is any other boundary point of B. The first case
is easily excluded because such a point cannot be reached for finite x.
In view of (2.5) the trajectory is tangent to the boundary (or to one
of the components of the boundary if the point is a corner). By inspec-
tion, the point of tangency can only be on the arc 6, 0<uc< 1. If we
change to local coordinates (z,y) (see Fig.8) we get for the equations
of the vector field %% = k(z,y), g§-= £(z,y). Both the arc 6 and the
trajectory ¢ can be parametrized by z and we have as a consequence of

(2.3) and (2.5) (note the change of orientation (u,v) > (z,y)):

k(z,0(2))¢'(2) = L(z,4(2)),
k(z,0(z))0'(z) < £(z,08(z2)).
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(2)

(3)

(4)

In view of g§-= 0, %& > 0 at (z,y) = (0,0), we have £(0,0) = 0,

k(0,0) > 0. For F(z,y) = £(z,y)/k(z,y), w= ¢ - 6, we have

w'(z) = ¢'(z) - 8'(z) 2 F(z,$(2)) - F(z,6(z)) > -K|w(z)|, K> 0.

Since x0 was minimal, w(z) > O for z < 0, w(0) = 0, say w(zl) > 0,
w(0)
z, < 0. It follows that by integrating w' (z) > -Kw(z), J aw/w
w(z,)
1

Z Kzl, which provides a contradiction.

If a trajectory is in 3B for x = x_, then it stays in B for all x. This

is obvious if the trajectory is ong of the points (0,0), (1,0). Other-
wise a similar argument to that in (1) can be used.

We show that the unstable manifold ¢ is contained in B. It is sufficient
to show that the unstable manifold is in B for - < x < xO for some fi-
nite x_ . This is trivial for 6 < 0. Now let 6 = 0 and let for x +> -«

é2/él 8 Al' otherwise we immediately get a contradiction to (1). Suppose
the unstable manifold arrives at some point P € B. Choose any P ¢ B be-
tween ¢ and 6 through P for x » -®». For P sufficiently close to P the
trajectory follows the unstable manifold arbitrarily closely and has
common points with the interior of B. Following the trajectory to -« we
obtain a contradiction, because it necessarily leaves the domain B as a
consequence of the local behaviour near a saddle point, which is imposs-
ible in view of (1).

Finally we have to exclude the possibility of a limit cycle ingide B.
That this is impossible follows from a criterion of BENDIXSON: if the

divergence of the field has a fixed sign, then there are no limit cycles

(see TEMME [12, p.128]). In our case the divergence reads -c < 0. [J

THEOREM 2.3. The closed domain B contains the main direction of the node at
(0,0). The side manifold of the node at (0,0) has no points in common with

the open domain B.

PROOF. There are trajectories starting in the interior of B which enter

(0,0) in the main direction. If the main direction were not contained in B,

these trajectories would leave 5, which gives a contradiction to Theorem

2.2(1).

Suppose the side manifold has a point P in common with the interior of



IV. TRAVELLING FRONTS 95

B. Then there are trajectories starting in the interior of B, close to P,
which enter the node along the two opposite main directions, dependent upon
which side of the side manifold they start from. The side manifold is just
the separatrix of these trajectories. Some of these must leave E, contra-

dicting Theorem 2.2(1). [

Once we succeed in constructing an arc 6 with the desired properties we

have by Theorem 2.3 established the existence of a particular solution

ic(x) = (uc(x), vc(x)) of (2.3) with the property EC(—“) = (1,0),
£C(+w) = (0,0)-. Note that uc(x) is monotone decreasing, since g%—= v < 0,
0 <u<l1.

In uniformity with Definition 1.1 we call Ec(x) a front and c the

speed of the front.

2.3 Characterization of the speeds of a front

As we have seen above, there exists a front for the equation (2.3)

under the conditions which we list again below:

c? > 4g'(0) > 0; c>0; £'(1) < 0

£(0) = £(1) = O; f(u) >0, O<wuc<1;

(2.6)

and there exists an arc 0, satisfying (2.4), for which we require

(2.7) 629 + f(Bl)e1 + 06261 > 0, for all x € R.

2

REMARK 2.4. For c = c¢' = 2/f'(0) we have at (0,0) a stable one-tangent node,
and in that case there also exists a front if we can satisfy (2.7); note

that in Theorem 2.3 the main and side direction are now the same.
From now on we assume (2.6) with c2 > 4£'(0) > O.
THEOREM 2.5. The set of possible speeds is an upper half-line or empty.

PROOF. Suppose c, is a speed. To c, correspond u, (x) = el(x),

1
Ve, (X) = 8, (%), 8

1

1 = 62, 62 = —f(el) - 0192. For ¢ > c1 it follows that

. . . 2
6292 + f(el)e1 + 06261 = (c—cl)e2 > 0,
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thus we can satisfy (2.7) with the aid of the arc (uc /Ve ), thus c is a
1 1
speed. [J

DEFINITION 2.6. c0 = infimum of all speeds.

Note that c0 2 c', c0 < o,

COROLLARY 2.7. If ¢y c, 1 2 c', and if (u°1'v°1)'

(ucz,vcz) are the corresponding fronts, then the front (ucz,vcz) 18 contained

are speeds, with c, > ¢

in the elosed domain formed by (u, v, ) and the u—axis.
1 1

PROOF. The proof follows easily from the fact that (uc 'V ) acts as an arc
1 1

6 in Theorem 2.2. [J
THEOREM 2.8. If Sp < then < 18 a speed.

PROOF. Assume c. is not a speed. Let ¢ > c_ be any speed with front 6 and

0 0
let B be the domain bounded by 6 and the u-axis.-An identical calculation

to that in the proof of Theorem 2.5 shows that now the vector field for
c = ¢, points outward along 6. Using the same arguments as in the proof of

0
Theorem 2.2 we see that the unstable manifold ¢ for c = c, does not enter

the open domain B for 0 < u_s 1, v £ 0. Further, we note ghat in view of
the continuity of £(u) on 0 £ u £ 1 there exiéts a v' = v'(c) < 0 such that
-f(u) - cv' <0, 0 £u <1, preventing v from going to minus infinity in
0 <u<1l1l, v<0. Thus ¢ arrives at u = 0, v < 0 for some finite X. But the
unstable manifold for ¢ > c,., where c - ¢ ‘

0 0
same behaviour (see Remark 2.1) which leads immediately to a contradiction,

is sufficiently small, has the

because this c¢ value is a speed. [J

THEOREM 2.9.

(1) If ey = c', then the front corresponding to c. enters the one-tangent

node (0,0) in the only possible direction. °
(2) If Sy > c' is finite, then the front corresponding to <, 18 the side

manifold of the two-tangent node at (0,0) with the direction

A, = (oo = /e2-a£'(0)}/2 at (0,0).

(3) For c > ¢

o the front with speed c arrives in the main direction

2
A = {-c + Vc®-4£'(0)}/2 at (0,0).



IV. TRAVELLING FRONTS 97

PROOF .

(1) See Remark 2.4.

(2) Let ¢0 be the front with speed %) and let B be the domain between ¢0
and the u-axis. Choose a c € (c',co) with the corresponding unstable
manifold ¢ from (1,0); ¢ does not enter the open domain B and does not
arrive at (0,0). While for this ¢ the direction of the side manifold of

the node at (0,0) is greater than for c., the side manifold is in B and

0

thus separates all other trajectories entering (0,0) from ¢. For c > c0

the trajectory merges with the side manifold before it can meet any
other trajectory entering (0,0); again we have here used Remark 2.1.
(3) Suppose ¢, > ¢ > c.. Let 6, 6, be the fronts with speed c, Cyr and B

1 0 1

the domain between 6 and the u-axis. By Corollary 2.7 61 is contained

in B. By Theorem 2.3 the side manifold at (0,0) for c, has no points in

1
common with B. Thus, if 61 does not arrive in the main direction at
(0,0) it will do so in the side direction, and this is only possible if

all the trajectories for c € [c ,c1] have identical trajectories on

0
0 £ u £ 1 (note that by Theorem 2.2 a trajectory from inside B cannot
arrive on the boundary of B in finite time). But this last conclusion
is not possible by the linear dependence of §§ onc. 0

2.4. Bounds for c0

Let f£(u) and c satisfy (2.6). By Theorem 2.5 there is an upper half-

line of speeds if we can exclude c_ = », So if we can satisfy (2.7) with

c 2 c¢' the existence of an upper hglf-line of speeds is proved. In the fol-
lowing subsection we calculate the bounds explicitly, which we shall derive
in this subsection.

Since for a front u, is monotone decreasing we can represent the arc
0 in (2.4) in the form v = p(u), where p: [0,1] > (-»,0] is continuously

differentiable and satisfies
(2.8) p(u) <O, 0 <uc<1; p(0) =0, p'(0) < 0.

Then condition (2.7) reads pé + cp + £(u) £ 0, or, since p < 0,

£,

(2.9) c2 sup {-p(u = )

O<u<1
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As there exist functions of the required type, the existence of speeds is
established, and taking for p the function representing the front with speed

< the supremum becomes - Thus:

THEOREM 2.10. The minimal speed is finite and can be characterized by

f(u)}

(2.10) c, = inf sup {-p(n) Y

0 p O<u<1

with p € C1[0,1], p satisfies (2.8).

COROLLARY 2.11. The minimal speed <, satisfies

(2.11) 2/E£'(0) = ¢' < ¢y < 2/L, L= sup {f(u“)}.
O<u<1
PROOF. Choose p(u) = -ku, k > 0; then c0 < Kk + E. Minimize over «k: for

k = /L it follows that cy < 2/L. 0O

COROLLARY 2.12. The minimal speed Cgs for £(u) = u(1l-u), reads Sy = 2.

PROOF. £'(0) = 1, sup {E{?l} =1; use (2.11). 0
O<u<1

2.5. An example -

Now we take for f(u) the example (1.2) from the introduction of this

chapter. Writing v =1 + T, "1 2 3

f(u) = u(l-u) (1-1-(2-0-1)u), where 0,1,T are the viabilities of the three

r 0=1+1_ - 1T, we get

genotypes. For ¢ > 1 > T ("heterozygotes not inferior") and with a simple
transformation of the variable x, which affects the value of c, we get

f(u) = u(l-u) (1+vu), with -1 < v < (0-1)/(1-1) - 1. The function f satisfies

the requirements of the preceding subsections.

THEOREM 2.13. The minimal speed for £(u) = u(il-u) (1+vu), v > -1, s

2 fbr -1 <v<2,
co = Yv+2

/=~

for v > 2.
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2
c
PROOF. From Corollary 2.11 it follows that £'(0) =1 < J%—»S L, with
L = sap {(1-u)(1+vu)}. By examining this parabola we find
O<ux<1
1 for -1 < v <1,
(2.12) L = 2
Lo+l) for v =2 1.
4v

We now see immediately that cO =2, -1 < v £ 1. By direct substitution

of the so-called Huxley pulse
(2.13) u (x) = [1+ exp(Fo72x) 17}

in equation (2.1), we find that uH(x) is a front with corresponding speed

cH = (v+2)/¥2v. For v = 2, CH = 2. Thus for v = 2, c0 < 2, but by (2.12) it
follows that c0 = 2. Since f(u) and thus c0 increases with v (follows from
(2.10), p(u) < 0), we have ¢, = 2 for 1 < v £ 2. For v 2 2,

0

vH(x) = u_ (x) = -VYv/2exp(Vv/2x)[1 + exp(v’\»/Zx)]_2

and thus %%-+ -Y/v/2 for x + «. On the other hand, the slowest front arrives

at (0,0) with the side direction

_y = {-c, - \/c(2)—4}/2,

du 1
which shows that for v 2 2, ¢y = g and the Huxley pulse represents the
speed corresponding to S for v 2 2. For -1 < v < 2 the speed c0 = 2 is

known, but the corresponding front is unknown so far. [J

3. STABILITY AND ASYMPTOTIC BEHAVIOUR

In this section we investigate the asymptotic behaviour as t = « of
solutions of the initial value problem for the nonlinear diffusion equation
(1.4). The results of the foregoing section will turn out to be very useful.

The main technical tool to be used is a comparison theorem based on the max-
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imum principle. This theorem was stated and proved in Chapter II (see Theo-

rem II.1.9) but we reformulate it here.

THEOREM 3.1. Let D = (a,b) x (0,T), where -» < a < b < ©, 0 < T < =, Let f(u)
be a continuously differentiable function such that £'(u) <s bounded from
above on R. Let u and w satisfy

Wox + oW + f(w) - W < u o+ cu + f(u) - u.wn D,
and w(x,0) = u(x,0), x € (a,b). Moreover, if a > -» assume that

w(a,t) = u(a,t), t € [0,T), and Zf b < = assume that w(b,t) = u(b,t),

t € [0,T). Then w > u Zn D and <f w(x,0) > u(x,0) in an open sub—interval
of (a,b), then w > u in D.

This theorem does not seem to be applicable to the present problem
since, with f(u) given by (1.2), £'(u) is certainly not bounded. However, we

can use Theorem 3.1 to show that the set
X = {u | u continuous on R and 0 < u(x) < 1}
is invariant with respect to the differential equation

(3.1) u, =u _ +cu + £(.
t XX X
This makes it sensible to formulate a corollary for functions belonging to
X (note that £'(u) is bounded on [0,1]).
~ ~ ~ 1 ~
Let f(u) satisfy f(u) = £(u) for -1 < u < 2, f € C and f' is bounded

from above on R . Choose y € X arbitrarily and let u(x,t) be the solution of

u =u_ +cu + £(u
t XX X (),

u(x,0) = P(x).

It now follows from Theorem 3.1, since w = 0 and w = 1 satisfy
wt = wxx + cwx + ;(w), that u(+,t) € X as long as it is defined. Since
E(u) = f(u) for 0 < u £ 1 we obtain that u(x,t) satisfies (3.1) as well and

we have indeed shown that X is invariant. It is worthwhile to note that the
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solution, since it cannot become unbounded, is in fact defined for all

t € (0,o).

A

COROLLARY 3.2. Let D = (a,b) x (0,T), where -» < a < b <o, 0 < T < », and

let £ be continuously differentiable. Let u,w satisfy

Wy ToOW, * £(w) - w_<u +cu + f(u) - u, in D
u(*,0), w(*,0) € X and w(x,0) = u(x,0), x € (a,b). Moreover, if a > -
assume that w(a,t) = u(a,t), t € [0,T) and 2f b < » assume that
w(b,t) 2 u(b,t), t € [0,T). Then u(.,t), w(s,t) € X for all £t 20, w 2 u
in D and if w(x,0) > u(x,0) in an open sub-interval of (a,b), then w > u in D.

First of all, we are interested in the stability character of the triv-
ial equilibria u = 0 and u = 1, and in a characterization of their domain of
attraction. In Chapter I the stability of equilibria was investigated by
means of Lyapunov functionals, and this method will be worked out in much
more detail in Chapter V. The same theory applies here (see [5, 141), but we
choose a different approach based on the comparison principle, Corollary 3.2
(with, in the first instance, ¢ = 0). The line of thought has already been
explained in Chapter III. The keystone of the method is the construction of
suitable lower solutions, and the next theorem is an important result in

this direction (compare Section III.5).

THEOREM 3.3. Let q € X satisfy Q. +cq, + f(q) = 0 in (a,b), where
—» < a<b<w Ifa>-oqgssume that q(a) = 0, and if b < » assume that
q(b) = 0. Let u(x,t) denote the solution of (3.1) satisfying
in (a,b
a(x,0) = q(x) (a,b),
0 in R\(a,b).

Then u(x,t) is a nondecreasing function of t for each x. Moreover, lim .
u(x,t) = 1(x) uniformly in each bounded x-interval, where t(x) is the small-
est solution of Tex T Ty * f£(1) = 0, -» < x < =, which satisfies T € X and
T(x) 2 q(x) Zn (a,b).
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PROOF. From Corollary 3.2 it follows that u(x,h) 2 u(x,0) for all h > O.

Another application of Corollary 3.2 now yields u(x,t+h) > u(x,t) for any

h > 0. Thus, for each x, u(x,t) is nondecreasing in t and bounded above, and

therefore limt_)m u(x,t) = 1(x) exists. Since the space domain is unbounded

the conclusion that T indeed satisfies Txx + CTX + £(T) = 0 cannot be drawn

from Theorem III.2.12 directly. One can adapt the proof of that theorem, but
in this particular case of a one-dimensional space domain the following
proof using the Green's function is much easier. The idea is to prove that

ux, uxx and ut are equicontinuous and uniformly bounded, and then to apply
the Arzela-Ascoli Theorem.

Let
1 2
(3.2) Ec(x,t) = exp{—zz(x+ct) };
2/t
then
(3.3) u(x,t+T) = f Ec(x-y,t)u(y,T)dy +

o
J E_(x-y,t-1) f(u(y,t+T))dy dr.
-0

+
O Y—t

We know that u(e,t) € X for all t > 0 and therefore, by putting

I£l = max ]lf(u)l,

uel0,1

©

' b
fux(x,t+'r)l < J | S;Ec(x—y,t) ldy +

-—00

(-
9
+ I £l J ] Py Ec(x—y,t-T)Idy dart.
-00

O —t

Since

b
%o
]

N
|
»
=
=
I
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we obtain

Jlu_(x,t+T) | < 2y 2||f||/£,
X f—ry ™

and finally
!ux(x,T)! < k for all x e R and T =2 § > O.

We need a similar estimate for uxx' Since f € C1, w(x,t) = ux(x,t) satisfies

W, =W + cw + £'(u)w,
XX X

and thus
oo
w(x,t+T) = ‘[ Ec(x—y,t)w(y,T)dy +
-00
t o
+ J I Ec(x—y,t-T)f'(u(y,r+T))w(y,r+T)dy art.
Q -«
Hence
k
|lw (x,t+T) | < 1 + 2ak1/€%,
X YTt
where
o= max [f'(a)],
uel0,1]
and thus

Jlu (x,T]| < k for all x €e R and T = § > 0.
XX 2
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So ux and uxx are uniformly bounded, and by (3.1) the same must be true for
ut. From (3.3) it follows that the families of functions of X,

{ux(x,t) l t =6 > 0} and {uxx(x,t) | t 2 § > 0} are equicontinuous, and
again by (3.1) the same follows for {ut(x,t) l t 2§ > 0}. By the Arzela-
Ascoli Theorem we know that on each bounded x-interval these families have
a non-empty limit set as t > ». But, since u converges to T, u u . and u,
necessarily converge to the corresponding derivatives of T uniformly on each
bounded x-interval, and thus T satisfies Txx + et + £(1) = 0. Obviously

T € X and t(x) 2 g(x) in (a,b). It remains to show that T is the smallest
solution with these properties. Let o be any other such function. Then
u(x,0) < o(x), and hence by Corollary 3.2 u(x,t) < o(x) and therefore also

(x) < o(x). 0O

We are now ready to prove the first main result (compare Corollary

III.5.3).

THEOREM 3.4. Let u(x,t) be a solution of (3.1) with u(-,0) € X. Then either

u(x,t) =0 or lim ulx,t) = 1.

PROOF. Suppose u(x,0) # 0; then by Corollary 3.2 u(x,h) > 0 for any h > 0.
Since f£'(0) > O we have f(q) 2 J£'(0)q for q>positive and sufficiently
small, say O < g < q. Let qa(x) = ¢ sin Ax with Az = 1£'(0); then

qix + f(qe) 20 for 0 < g < i and 0 < x 5%—. Now choose € so small that
u(x,h) 2 q°(x) for 0 < x <

>1=

. It then follows from Theorems 3.2 and 3.3 that

lim inf u(x,t) = lim inf u(x,t+h) 2 1(x),
t> t>o

where T(x) is the smallest solution of Tex + £(t) = 0 which satisfies T € X
and T(x) 2 qe(x) in [0,13. From a plot of trajectories in the phase plane

(see Figure 9; (0,0) is a center for the linearized system and (3.1) is con-
servative for ¢ = 0; see [13;Section V.1]) it follows readily that t(x) = 1,

and hence limt_>°° u(x,t) =1. 0O
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Figure 9

Theorem 3.4 tells us that whatever initial function ¢ € X, ¥ # 0, we
take, the solution approaches u = 1. Or, in other words, the intersection of
the domain of attraction of u = 1 with X is precisely X\{uz=0}.

So far we have used Theorem 3.3 only with ¢ = 0. The next step is to
investigate how u(x,t) approaches u = 1, and then the results of Section 2
together with Theorem 3.3 with ¢ # 0 are useful.

In general, the way in which u(x,t) approaches u = 1 depends on the in-
itial function u(x,0), especially on the behaviour for |x| - ®. The first
result in this direction was given by KOLMOGOROFF et al. [3]. They proved,
under certain restrictions for f, that the solution of (3.1) with
u(x,0) = 6(x) (the Heaviside step function) converges in the sense described
in Section 1 towards the travelling front solution with minimal speed co.
This result of Kolmogoroff et al. is substantially generalized by ROTHE [5].
In the remaining part of this section we consider some results of ARONSON &
WEINBERGER [9], which are of a somewhat different nature. The conclusions
concern the asymptotic speed of propagation but not the asymptotic form

(they do not yield convergence towards a travelling front solution) .

THEOREM 3.5. Let u(x,t) be a solution of (1.4) with u(+,0) € X. If for some
Xy u(x,0) £ 0 Zn (xo,w), then for each & and each c > cyr

limt+m u(&+ct,t) = 0.
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PROOF. Choose c > co. We recall and extend some results from Section 2. We
know that the unstable manifold ¢c from (1,0) enters (0,0) in the main di-

rection (Theorem 2.9).

ty

Figure 10

Let Tc denote the unique trajectory which enters (0,0) in the side di-
rection out of the quarter plane {(u,v) | u >0, v < 0}. We claim that Tc
connects (0,0) with a point of the form (1,-v), with v > 0. Consider the _
set R = {(u,v) ! 0<u<1l1, v < 0}. From u =v it follows that Tc cannot
tend to infinity in R, and therefore Tc has to cross the boundary of R some-
where. We exclude several possibilities:

(i) Tc cannot cross u = 0, v < 0, because there the vector field
(v, —cv-f(u)) is pointing outward from R.

(ii) Tc cannot cross ¢C and hence cannot cross v = 0, 0 < u < 1.

(iii) (1,0) is a saddlepoint and Tc is not the unstable manifold. It follows
that Tc cannot go through (1,0).

Hence Tc enters R through the part of the boundary with u = 1, v < 0. Let

qc(x) denote the solution of (3.1) which corresponds to Tc and for which

qc(O) = 1; then q. is decreasing and approaches zero as X » ». Putting
wZ1-uandgqg(g) =1 - qc(g—xo), we now apply Theorems 3.2 and 3.3 with
(a,b) = (xo,m) to the equation wt = WEE + cwE - f(1-w). It follows that

lim inf(1-u(&+ct,t)) 21 - T(§),
t>oo

where T(§) satisfies T + ct,. + £(1) = 0 and T is maximal with respect to

rr
o% ©

the properties
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(3.4) T(8) =1, —© < g < o,
(3.5) T(E) = qc(E-xo), Xy < g < o,
The assertion of the theorem follows if we can prove that T(§) = O.

Suppose T(§) Z 0. Let T denote the trajectory corresponding to T. Then
either T =‘Fc or T enters (0,0) in the main direction. The possibility

T = Tc is excluded since then for some £ < 0 we would have T(§) > 1, in con-
tradiction to (3.4). Finally, if T enters (0,0) in the main direction, then
T(E) ~ exp Ali as £ - «, whereas qc(i—xO) ~ exp Azs as & -+ », Since

A, < Al < 0 this would imply T(§) > qc(E—xO) for § sufficiently large, in

2
contradiction to (3.5). [

REMARK 3.6. The equation (1.4) is invariant when x is replaced by -x. So if
u(x,0) = 0 in some interval (—m,xo) we may conclude that

limt+w u(g+ct,t) = 0 for each £ and each c < —cO. Combining the two cases we
obtain: if u(x,0) has compact support, then limt+® u(g+ct,t) = 0 for each g

and each c with |c| > y-

»

THEOREM 3.7. Let u(x,t) be a solution of (1.4): with u(+,0) € X. If u(x,t) Z O,

then for each c with |c| < <, and each &,

lim u(g+ct,t) = 1.
>

PROOF. The idea of the proof is again to apply Theorem 3.3, so firstly we
have to show the existence of a suitable soluticn, g(x), of (3.1). If

Cc € (0,2/?7T63), then (0,0) is a spiral point and consequently there are
trajectories satisfying O < u < 1 and connecting the positive v-axis to the
negative v-axis. Suppose cg > 4f'(0) and consider any c witb

2/?775) < C < cO. Let Tc be defined as in the proof of Theorem 3.5. We re-
call from Section 2 that Tco corresponds to a front (Theorem 2.9). As in the
proof of Theorem 2.5 it follows that along Tc the vector field (v,-cv-£f(u))
is pointing outward from the region bounded by T, and v = 0, and consequent-

ly T, lies above T, in R = {(u,v) | 0<u<1, v <ol
[¢]
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Hence Tc crosses the u-axis at a point (n,0) with O < n < 1. Choose B with
n < B <1 and let EC denote the trajectory through (B8,0). Then in the set

R, Tc stays below~TC and therefore crosses the negative v-axis. From

v _ - fw
du v !

we note that, since f(u) > 0 in 0 < u < 1, the slope of Ec is negative if
v >0, 0 <u <1, and bounded when v is bounded away from zero. Hence Tc
crosses the positive v-axis as well.

So, for each c with 0 < ¢ < o there is a trajectory ;c which connects
the positive v-axis to the negative v-axis through the r¥egion
{(u,v) l 0 <uc< 1}. Let Ec be the corresponding solution of (3.1) with
EC(O) =0, aé(O) > 0; then SC satisfies 0 < EC < B <1 on a finite interval
(0,b) and qc(b) = 0.

Let u(x,t) satisfy the hypotheses of the theorem. From Theorem 3.4 we
conclude that 1lim o u(x,t) = 1 and the convergence is in fact uniform on

t

every bounded x-interval. Therefore a time t0 exists so that

u(x,to) >R > ac(x) on [0,b], and now application of the Theorems 3.2 and
3.3 yields the desired conclusion for 0 < c < co. The case —co < c <0 is
obtained by replacing x by -x. [

Theorems 3.5 and 3.7 make it tempting to call c, the asymptotic speed
. v

of propagation associated with equation (1.4).
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4. RESULTS FOR SOURCE TERMS WITH A SIGN CHANGE

In this section we will study once more the problem

u = u + f(u), -® < X < o, t >0,
(4.1) £oxx

u(x,0) = P(x), 0 < yY(x) <1,

but now for another class of functions f, namely

£eclro,1l, £ = £(1) =f(w =0, O0<a<l,
f(u) < 0 in (0,a), £(u) > 0 in (a,l),
(4.2) £'(0) < O, £'(a) > O, £'(1) <0,

1
J f(u)du > 0.
0

This corresponds to the case T3 < L2 < T, in formula (1.2) (and using the
substitution in Subsection 2.5 we get ¢ 2 T > 1), which is known as the
"heterozygote inferiority" - case in the population genetic literature. Fur-
ther this choice also represents a model for a nerve which has been treated
with toxins; u then stands for a voltage (see Chapter VII). The last prop-
erty in (4.2) of the function f is only a kind of normalization, in view of
the transformation v = 1 - u.

As before we will investigate the stability of the equilibrium solu-
tions and their domains of attraction. We will now encounter a typical ex-
ample of a threshold phenomenon (compare Theorem 4.2 with Theorem 4.4). Re-
garding travelling front solutions we will prove the existence of a unique
speed ¢ for which a travelling front (see Definition 1.1) exists, and using
this front, we formulate analogues of Theorems 3.5 and 3.7. Besides, it is
now possible to prove that under certain conditions on the initial function,
the approach towards the equilibrium solution is accompanied by the approach
towards a travelling front solution. The speed of this front is unique, but
the initial function will determine the translation of the argument, which
is still a degree of freedom (see Theorem 4.9, a recent result of FIFE &
McLEOD [6], [16]).
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4.1. Threshold phenomena

As an introductory remark we note that Theorem 3.1 is not dependent on
the sign of the source term function f£f and that in Theorems 3.2, 3.3 it is
only necessary to require £(0) = £(1) = 0. So these theorems apply to func-
tions with properties (4.2) as well. In section 3 it was shown that of the
two equilibrium solutions u = 0, u = 1 the last was globally (with respect

to X) asymptotically stable (Theorem 3.4); recall that
X = {u ] u continuous on R and 0 < u(x) < 1}.

Now we have three space independent equilibrium solutions u = 0, u = o,
u = 1. We will prove that both u = 0, and u = 1 are stable, and that u = a
is unstable. So we can expect threshold phenomena.

Besides the constant equilibrium solutions there is a multitude of non-

constant solutions of

(4.3) U + f£(u) =0,
with f(u) satisfying (4.2). This can easily be seen as follows. Multiply
(4.3) by u_, and integrate with respect to x:
5 X=x u(x)
%ux + f(w)dw = 0O
X=X
0 u(xo)

oxr
Ju? + Fw) = Jul(x) + Flu(x)) = k
X x 0 0

u
with F(u) = f(w)dw. Choose x., -» < x_ < o, such that u (x.) = 0, then
0 0 0 x 0

k = F(u(xo)) and iui = k = F(u), which defines a curve in the (u,ux)—plane,
symmetric with respect to the u-axis. Define k by
K
(4.4) J f(u)du = 0,
0
i.e., F(k) = 0. The function F(u) is qualitatively sketched in Fig.12. We

can distinguish the following cases:
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(i) F(a) <k <O to these values of k corresponds a closed curve in
the phase plane (see Fig.13), representing a peri-

odic solution,

(ii) k=0 the corresponding curve is the stable and the un-
stable manifold of (0,0) which merge and which we
call ¢(x),

(iii) 0 < k < F(1) the corresponding curves represent solutions, which
satisfy only for a bounded interval of x the re-
quirement 0 < u(x) < 1,

(iv) k = F(1) if we choose x. = », x = =-o respectively the corre-

0 0
sponding curves are the stable and the unstable mani-

fold of (1,0).

Except in case (iv) it is always possible to choose Xy = 0. Let B =
u(0) then we denote the corresponding solutions of (i), (ii) and (iii) by
qB(x), thus F(u(0)) = F(B) = k, qB(O) = B, éan(O) = 0. From this notation
it follows ¢(x) = qK(x), with the propertyxigi $(x) = 0, ¢(x) monotonely
increasing, x < 0, monotonely decreasing, x> 0. We find in case iii)

for —KB < x < KB' qB(x) > 0 and qB(iﬁs) = 0, with

L = [ ! du,
o V2 (F(B)-F(u))

a da
and goq,(-L,) = V2F (B), ax qglg) = -Y2F(B) .

T F(u)
0 o K 1 a K 1 )
= 7=
u . u
i
iv
\__/

Figure 12 Figure 13
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Figure 14

In Fig.14 we have sketched a few examples.

THEOREM 4.1. Let u(x,t) be a solution of (4.1), (4.2) with u(+,0) € X. If

0 < u(x,0) < B8,, B, < a then lim u(x,t) = 0, uniformly on R . If

17 "1 o
B, <ulx,0 <1, 8,>a then }__{E u(x,t) =1, uniformly on R.
PROOF. Let v be the solution of the initial value problem vt = vxx + £(v),
v(x,0) = Bi, i =1,2, then v is independent of x and v satisfies the rela-
tion
B1 v
-1 (1)
t = — i = ; = i = .
J (f(w))dw, 1 1 t j \f(W)} dw, 1 2
v 62

so in both cases the integrand will be positive, 0 < v < B, respectively

1
82 < v <1and for t > » it follows that v >0, i =1, v > 1, i = 2. Since
v(x,0) 2 u(x,0), i =1, v(x,0) £ u(x,0), i = 2 the assertion follows from

Corollary 3.2. [

Example. Taking for f(u) the polynomial of lowest order, having properties
(4.2), namely f£(u) = u(l-u)(u-a), 0 < a < §, we find the implicit relation

6.(l—oz)

o
e-a(l-a)t - i (1_Bi) ul_a(l—u)a.

(Bi-a) (u-a)

We now give another partial characterization of the domain of attrac-

tion of the equilibrium state u = 0. Define the function s(p), as follows
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s(p) =

AN

— 0 < < a.
a SE]. ] P o
s(p) represents the direction of the tangent line to the function f(u),
: +
passing through u = p with the greatest slope. We use the notation [p] =

= max{0,u}.

THEOREM 4.2. Let u(x,t) be a solution of (4.1), (4.2) with u(-,0) e X. If

for some p € [0,a) and B > O

sup
—00< X <o

® 2
(x-£) ,
J e ar o1 ar < 2T ()
s(p)e

then lim u(x,t) = 0, uniformly on R.
tro

PROOF. Fix p, and write s for s(p). Let w(x,t) denote the solution of the
problem

W, =W + sw

w(x,0) = [w(X)-o]+.

+
By Theorem 3.1 w 2 0, so w = [w] . Since £(u) < 0 on [0,a], it follows from
the definition of s(p) that f(u) < s[u—p]+. Let v(x,t) = u(x,t) - p, then we

have

+
w_ +slw]l] -w =w_ +sw-w =0-=
XX t XX t

+ +
- < - - -
u + £(u) u <u + sfu-p] u, Ve + s[v] Ver
+
w(x,0) = [P(x)-p] 2 ¢(x) - p = v(x,0).
+

We cannot apply Theorem 3.1 since s[v] 1is not continuously differentiable.
But by looking at the proof of Theorem II.1.9 from which Theorem 3.1 was

borrowed, one may conclude that all that we really need is that

g(w,v) = (s[w]+ - s[v]+)/(w-v)
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+
is bounded. It means that s[v] should be Lipschitz continuous (see also Re-
mark II.1.12), which is obviously the case. So w(x,t) = v(x,t), for all t,
. - -st .
and therefore u(x,t) < w(x,t) + p. The function w(x,t) = w(x,t)e satis-

- - - +
fies the problem w, = LA w(x,0) = w(x,0) = [Y(x)-p] , for which the ex-

t
plicit solution reads

e at [y -pl" at.

o 2
_ _(x-£)
w(x,t) = w(x,t)e st ! J

2/mt 7
For t = S-we have
L 2
B _(x-8)
W(X,SJ =& /s J e ag ° [¢(E)-p]+ dE < o - p
2V

so u(x,SJ <a-p+p o for all x. Apply Theorem 4.1 to find lim u(x,t) =0,

uniformly on R. [J e
COROLLARY 4.3. Let u(x,t) be a solution of (4.1), (4.2) with u(+,0) € X. If
for some p € [0,a)

I [vE)-p1" ag < V' Zlamp)

then lim u(x,t) = 0, uniformly on R.
t>0

PROOF. The left hand part of the inequality in Theorem 4.2 can be majorized
for all g by estimating the exponential factor by 1, while the right hand

part is maximal for g8 = }. [J

We will now characterize partially the domain of attraction of the sol-

ution u = 1.

THEOREM 4.4. Let u(x,t) be a solution of (4.1), (4.2) with u(-,0) e X. If
for some B e (x,1) and some x, u(x,0) 2 qB(x-xo) on (xO-ZB,xo+£B) then

lim u(x,t) =1 uniformly on each bounded x-interval.
troo

PROOF. Application of Theorem 3.3 with g(x) = qs(x) yields that for the sol-
ution u(x,t) with the given initial condition %&g u(x,t) 2 1(x), uniformly
on each bounded x-interval, where 1(x) is the smallest solution of

Tox + £(1t) = 0, -» < x < », ywhich satisfies T € X and T(x) = qB(X) in
(xo—ls, xo+£B). As we have seen, the only solution with this property is

T (%) 1, and we have obtained the desired conclusion. ]
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We have shown that a disturbance of bounded support of the state u = O,
which is sufficiently large on a sufficiently large interval grows to one,
while a disturbance, not necessarily of bounded support, which is not suf-
ficiently large on a sufficiently large interval dies out. So we have ob-
tained a threshold result. Note that there are solutions, corresponding to
the periodic ones, which do not belong to either class. The union of the

domains of attraction of the equilibrium states u = 0, u = 1 is not X.

4.2. Travelling fronts

In this subsection we are interested in travelling front solutions of
(4.1), (4.2), i.e., solutions of the form u(x,t) = w(x-ct,t) where w satis-

fies

(4.5) w. =w,_., +cw_ + £(w), £ = x-ct,

t 133 €
w(g,0) = v(g).

Writing u for the solution of the stationary problem
(4.6) u_+cu + f(u) =0,
XX X

we recall that we have called u a front (see Definition 1.1), if u(-») =1,
u(ew) = 0. Using the remarks of Section 2 we find at the singular points in
the (u,ux)—plane (0,0) and (1,0) a saddle, while there is a stable node at
(a,0), c 2 /ZETTE—} an unstable node for ¢ < -V4f' (a), a spiral for values
of ¢, ¢ # 0 in between and a center for ¢ = 0. For initial data u, o < u <1
we have the same situation as in Section 2, so we get a half-line [co,w) of
speeds corresponding to monotonely decreasing fronts with conditions

u(-») =1, u(w) = a. An a priori bound for c, is provided by Corollary 2.11:

0
co > 2/f' (a) . The transformation v = 1-u yields Vxx + cvx + g(v) = 0, where
g(v) = -f(1-v) has the same properties as f(u). Now the same reasoning
applies as above, so there is a half-line [Eo,w) of monotonely decreasing

fronts with conditions v(-») = 1, v(®) = l-a. A bound for EO is

EO > 2/g' (1-a) = 2VE'(a). Properly translated this means monotonely increas-
ing fronts with u(-*) = 0, u(»®) = a. So for c 2 CO the unstable manifold of
(1,0) arrives at (a,0), while for c < -c0 the stable manifold of (0,0) orig-
inated in (a,0) (change x to -x to see this). So it is reasonable to expect
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that for some value c, the unstable manifold of (1,0) merges with the stable
manifold of (0,0). Indeed we have

THEOREM 4.5. For the equation (4.6) there exists a unique speed cy
—EO <ey <y to which corresponds a monotonely decreasing front u with
u(-*) =1, u(e) = 0.

PROOF. For c = c0 the unstable manifold of (1,0) enters (a,0) for x - «. As
in subsection 2.4 we construct an arc 6 in the form v = u = p (u) , where
p: [0,1] > (-=,0] is continuously differentiable and satisfies p(u) < 0,
0<u<1, p(0) =p(l) =0, p'(0) < 0, p'(1) > 0. Let again B be the domain
formed by p and the u-axis. The requirement that the field is directed out-
ward along the arc 6 yields pé + cp + £(u) =2 0, so for a fixed E, since

p < 0, with

- . . £(u)
4.7 ¢ = oinL, { p(u) o(u)}'

we see that the unstable manifold UE of (1,0) cannot enter B, whereas the
stable manifold of (0,0) is contained in B. So UE does not arrive at (0,0).

a = . cas R
In view of E% ] -c for large values of v, either positive or negative, UE

arrives at u = 0, v < 0 for a finite x. Now reduce the value of ¢ from c0

on: for c = co Uc goes to (a,0). For c values slightly less than Cyr Uc will

cross the u-axis between 0 and o, for ¢ = ¢ Uc crosses the negative v-axis.

So in view of Remark 2.1 there will be a value Sy c < ¢y < c0 so that Ug

arrives at (0,0). It remains to show that c, is unique. Let now v = p(u) re-

1

present the arc Ucl; then for an arbitrary c, c # ¢y the field direction

along this arc will be
. _ £(u) _ _
-pv - £(u) - cv = <c1 + - )v f(u) - cv = (c1 c)v = (cl-c)p.

For c < <y this direction is negative, so the field points outward, while

for ¢ > <, the field points inward. This means that for c < < the stable

manifold of (0,0) is contained in B, and the unstable manifold of (1,0) is
not, while for c > ¢y the opposite holds. So there can be no connection be-

tween (0,0) and (1,0), for c # cy- 0
" 'REMARK 4.6. From the last property in (4.2)of the function f, i.e. J £ (u)du>0 ,

. . 0
-we deduce that necessarily ¢y > 0. Suppose the contrary, then multiplying
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(4.6) by u_ integrating with respect to x, -® < x < «», we find
1

(o]
© 2
0= %uz + c J u dx - J f(u)du < -
x x

£(u)du,
P 1
0

[ R——

a contradiction.

EXAMPLE. Taking again the particular function £(u)

]

u(l-u) (u-a), 0 < a < i,

we can actually calculate the numbers Cqr c., c,. For it we need the results

0 1
of Subsection 2.5. If we make the transformation u = (1-a)v + o, then v sat-
1-
isfies (l-a)vXX + (1—a)cvx + a(l—a)2 v(l-v) (1 + —Egv) = 0. Let x' = Vo(l-a)x
and c' = e , then we arrive at an equation with a source termof the form

Ya(1-a) l-a.
given in Theorem 2.13 (v = —a—). Using this theorem we find

2Va(1-a), %~S o < % (1<v=2),

0 0 Vo(l-a) 22 _ o 0<acs % (v=2).
Y2v /5

Next, if we make the transformation u = a(l-v), then v satisfies

-a v - acv, - a(1-a) v(1-v) (1 + ﬁ") = 0. Let x' = /a(l-a) x, and

c B - - . a
¢' = ————, then again we arrive at the form as in Theorem 2.13 (v = —F),

Va(l-a) o-1

thus

o = Ya(l=a) cf = 2/a(l-a), 0 < a < } (~1<v<0).

Finally we calculate c,. We know that the function

1
v(x) = [l+exp(Vv/2 x)]v—1
satisfies
Vex + eV + v(1-v) (14+vv) = 0,

with the speed cH = (v+2)/V2v. This function is real only for v > 0. Con-
sider negative values of v, and make the transformation y = -iv-v X, then

one finds

. -1 _
vyy - 1cH/—v vy + v(l-v) (v "+v) =0
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or with g = -y > 0,

vyy - icH/a'vy + v(1l-v) (v-a) = 0.

Thus

oy = -ifa ey = -ifa 22 L _ o/
YA}

We can summarize these results in the following diagram (Fig.15). Note that
2/E'(a) = 2/a(1l-a).

1 €0

l ( EO
(o]

o)

wlzﬂ

€1

L1-/373) 1 1
5(1-Y2/3) 3 =

Figure 15

For other c-values there are non-monotonely fronts going to («,0) from (1,0)
and (0,0), but we will not occupy ourselves here with the specific behaviour

of these fronts (see HADELER & ROTHE [8]).

Now having established the existence of the front with speed Cyr which

we call ¢, (x), we can formulate analogues of Theorem 3.5 and 3.7.
1

THEOREM 4.7. Let u(x,t) be a solution of (4.1), (4.2) with u(+,0) € X. If
for some Xy u(x,0) =0 7n (xo,w), then for each & and each c > c,

lim u(&+ct,t) = O.
Tt

PROOF. From Theorem 4.5 we know that for ¢ > c, the stable manifold Sc of

1

(0,0) does not lie in the domain B, formed by the u-axis and the arc v = ux

representing Sc . Sc cannot tend to minus infinity in
1
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R=1{(uv) | 0<u<1, v<o}

so Sc has to cross the boundary of R somewhere. We examine the following

possibilities:

(1) Sc cannot cross u = 0, v < 0, since the vector field (v,-cv-£f(u)) =

= (v,-cv) is pointing outward R,

(ii) Sc cannot cross the arc, representing Scl, connecting (1,0) with

(0,0), hence Sc cannot cross v =0, 0 <u<1l1,

(iii) (1,0) is a saddle and the unique unstable manifold from (1,0) is con-
tained in B (see Theorem 4.5), while sc is not. So Sc cannot start in
(1,0).

Hence SC enters R through the line u = 1, v < 0. Let qc(x) denote the solu-
tion of (4.6), which corresponds to Sc, and for which qc(O) = 1, then q. is
decreasing and approaches zero for x + «. Reasoning as in Theorem 3.5 we

have to prove T(x) = 0, where T(x) satisfies (4.6) and T(x) is maximal with

respect to the properties

T(x) <1, -® < X < ®, T(x) < qc(x—xo), X, < X < o,
Let T denote the trajectory corresponding to 1. Then T has to enter (0,0);
the only possibility is along the stable manifold Sc but this is excluded
since then there would exist an x, with 1(xX) > 1. So t(x) = O only satisfies

the requirements. [

‘THEOREM 4.8. Let ul(x,t) be a solution of (4.1), (4.2) with u(+,0) € X. Sup-

pose lim u(x,t) = 1, then for each c, lc| < c, and each & lim u(g+ct,t) = 1.
o 1 Tt

PROOF. A sufficient condition such that lim u(x,t) = 1 has been given in
Theorem 4.4. We can apply Theorem 3.3 ift;: are assured of the existence of
a solution of (4.6), connecting in the phase plane the positive v-axis with
the negative v-axis, through the strip O < u < 1. We consider only positive
c-values (for negative values we transform x to -x).

In all cases the unstable manifold from (1,0) reaches the negative v-axis
(see Theorem 4.5) and the stable manifold Sc of (0,0) can arrive only in the
domain B on the interval o < u < 1, say in the point n. Regarding the un-

stable manifold Uc of (0,0) it follows by the boundedness of the slope
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av _ | _ £
du v
in o £ u £ 1 where the slope is negative we notice that Uc crosses the

, that Uc crosses the line u = a, v > 0; by continuing UC

u-axis, say in u = ny (aSn1<1; n # 1 by a reasoning like in Remark 4.6
(c>0)). If n > ny Sc will cross the positive v-axis, lying above Uc in

0 <ucx< ny» and if n, > n U, will cross the negative v-axis, lying below
Sc' 0 < u < n. In view of Remark 2.1 we have established the existence of
a trajectory Tc connecting the positive v-axis with the negative v-axis

(see Fig.16).

Figure 16

Again reasoning as in Remark 4.6, the possibility n = ny is excluded. Now

the proof of Theorem 3.7 applies to give the desired result. ]

We will give more information about the manner of convergence to the

state u = 1. It turns out that under appropriate mild conditions on the in-
itial function Y(x), u(x,t) converges uniformly in x to some travelling

front solution, with the unique speed c and with the translation of the

1’
argument determined by J.

THEOREM 4.9. (FIFE & McLEOD [6], [16]) Let u(x,t) be a solution of (4.1),
(4.2) with u(+,0) € X. Let ¢ (&) denote the travelling front, satisfying
¢€E + e, ¢€A+ £(¢) =0, ¢(- ¥)=1, ¢(») =0, £ = x-c_ t. Let u(x,0) = P(x)

1
satisfy

(4.8) lim inf ¢(x) > a, lim sup Y(x) < a,
X>r=—00 X—>00
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then there exists some X such that

(4.9) 1im Ju(x,t) -¢ (x-c.t - x )| = 0, uniformly in x.
oo 0

1
The proof of this theorem requires several lemmas.

" 'LEMMA 4.10. For 8§ < ¢ < 1-8, 8§ > 0, it follows that ¢
constant B > 0.

g(E) < - B for some

PROOF. We have to show that ¢€(€) is bounded away from zero for values of ¢
in the given interval. If this does not hold then ¢§(EO) = 0 for some EO'
Assume ¢ is increasing on an interval, which we take maximal, say (50,51),

- > < . . . .
¢£(§1) 0, ¢EE(€O) 0, ¢£g(51) 0 and so using the differential equation
f(¢(Eo)) <o, f(¢(€1)) 2 0. Let ¢i denote ¢(Ei), i = 0,1 then

(4.10) ¢O <a < ¢1.

Multiplying the differential equation for ¢(£) by ¢E and integrating with
respect to £ from -« to EO’ we obtain
EO 1
2 _ 1
c $,.(8)ag = f(u)du = I, .
1) % 9
—00 d)o
Changing the boundaries we get in an analogous way

¢

(4.11) sign ¢ = sign 11 = sign I = sign Ifl.
% 81 0
. 41 % 1 e
But (4.2), (4.10) gives I, <- I¢ < I¢ , a contradiction with (4.11). The
= _ ' 1 -0 _ . s a _
case 51 I EO, ¢E(g0) =0, ¢€E(Eo) = 0 gives ¢0 = o, and sign ¢ = sign IO =
= sign I_, a contradiction as well. [

We will use this lemma for the following basic lemma, where we con-

struct suitable upper and lower solutions of u(x,t).

LEMMA 4.11. Under the assumptions of Theorem 4.9, there exist constants Eyr
Eyr 99 > 0, w >0 such that

ut

(@.12)  olE-E) - ae Mt < wE0) < 0(E-gy) + qpe ™

where w(g,t) satisfies (4.5).
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PROOF. We prove the left inequality. Let N be defined by

(4.13) N[w]

We T Wegp - clwE - £(w), =® < § < o,

We require N[w] 0, w(£,0) = $(&). We will construct functions s(t), q(t)

such that qg(t) > 0 and
w(E,t) = max {0,¢(E-s(t))-q(t)}

will be a lower solution. First, let qo > 0 be any number such that
o <1 - qo < lim inf Y (&), then take E such that

Erer

(4.14) 0(E-0) - q < ¥(E), for all &.
This is possible for sufficiently large negative z by (4.8). Let

(£f(u-q)-£(u))/q q>0

‘I)(UIQ) = -£' (u) q = 0.

® is continuous for q 2 0. For 0 < g < q. we have @ < 1 - 9, <1l-g<1

hence ¢(1,q) > 0. Also 9(1,0) = - £'(1) S 0, thus for some p > 0 we have
®(1,q) 2 2p, 0 < g < %- By continuity, there exists a 6§ > 0, such that
¢(u,q) 2y for1 -8§<u<l,0<qcs q- In this range we have

f(u-q) - £(u) 2 ug. Setting ¢ = £ - s(t) and using ¢E€ + c1¢E + £(¢) =0,

we find

N[w] =

s'(t) ¢c(c) - °1¢c(‘:) -q'(t) - ¢cc(;) - £(¢-q) =
s'(t)¢c(;) - q'(t) + £(¢) - £(¢-q).

If ¢ € [1-6,1], q € [O,qO] then

N[w]

IA
|

s'(t) ¢2;(C) - q'(t) - ug(t) < - (q'(t)+uq(t)),

provided s'(t) < 0, and since ¢C(C) < 0 (see Lemma 4.10). We choose q(t) =
= qne-ut, which results in N[w] < 0, if 1 - § £ ¢ £ 1. In the same way we

get this result for g < ¢ < §, by possibly further reducing u and 8. For

values § < ¢ <1 - §, we know by Lemma 4.10 that ¢C(C) < - B, for some B > O.
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By the differentiability of £, we have f(¢) - £(¢-q) < Kg, for some K > O,
thus

N[w] < Bs'(t) - q'(t) + Kg(t).

We set s'(t) = 8_1[q'(t)—Kq(t)]= - 8—1(u+K)q(t) < 0, with s(0) = E. Speci-
fically

_ 9, (u+K) _
(4.15) s(t) = E + —QU—B-—(-1+e uey |

Thus for t - «, s(t) approaches a finite limit gl =E - qo(u+K)/uB. There-
fore N[w] < 0, whenever w > 0, and by condition (4.14) on E w will be a

lower solution. Therefore by Corollary 3.2

(4.16) W(E, ) 2 w(E,B) 2 6(E-s(t)) - q(t) > $(E-E,) - qoe'“t,

i.e. the left hand part of (4.12). [

LEMMA 4.12. There exists a function w(e), defined for small € > 0, such that
lim w(e) = 0 and 2f 0 < Y(§) < 1 and |Y(E) - ¢(E-£o)| < € for some &, then

Y0
(4.17) lw(&,t) - ¢(€-€O)| < w(e) -© < g <® t>0.

PROOF. We take q, as in Lemma 4.11, q = 0(e) and ]go—gl = 0(e). Since
E’ - quF+K)

(4 17) follows from Lemma 4 11 and from the uniform contlnulty of ¢(&),

, also IE £, | = 0(e) and analogous |£ E | = 0(e). Then
—o < g <o, ]

DEFINITION 4.13. A function w(g,t) defined for all £, and for t > 0, is said

to have Property A if the derivatives listed below exist and are continuous,

if 0 <w <1, and if for k = 0,1,2,3
(2.18) IBk(l—w)l 1o, wl, 13,9 w|, 13,3 w] <M (eoog+e_ut) £<0
£ ’ e gtl t% 0 ’
~-o

£ -
(4.19)  Hagul, aul, 2ol 13,001 <mple ™, e > 0

where M, 4, 0., O, are positive numbers satisfyin
0 o’ °1 ying
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(4.20) 0<o, < {- ¢ + ch-4f'(1)}/2 =s

0

(4.21) 0<op <{ ¢ + /cf-4f'(0)}/2

[
]

Note that s0 is the direction of the unstable manifold at (1,0), while -51

is the direction of the stable manifold at (0,0) in the phase plane.

DEFINITION 4.14. A function w(g,t) defined for all £, and for t > 0, is said

to have Property B if it has Property A, with the term e—ut missing in
(4.18), (4.19).

LEMMA 4.15. The solution w(E,t) of (4.5) has Property A. If y(£) has Prop-

erty B, then also w(E,t) has Property B, with Myr Opr 0y independent of t.

0

PROOF. As in Section 3 we know that the derivatives are uniformly bounded by
some constant Ml' We derive (4.19) for wg = p(&,t). This function satisfies
L[p]l = 0, where L[p] is defined by

Llpl = pt - Clpé - Pég + p(E,t), p(E,t) = - £'(w(g,t)).

There is a positive function w(8) defined for small § > 0, such that

lim w(8) = 0 and p > - £'(0) - w(8), whenever |w| < §. Let f(£,t) =
§Y¥0

. 2
= M(e_61£+e-(01-c101)t); for |w| < § we have

(4.22) Lip] = (-of+clol+p)§ >0, if o> - c,0

1
1 191 + £'(0) + w < O,

By examining g(s) = 52 - cys + £'(0), g(sl) =0, g'(sl) > 0, we find (4.22)
choosing s, - ¢€ < 01 < Syr Es0 small enough. Next we choose S and T so large,
that by Lemma 4.11, 0 < w(§,t) < §, £ > S, t > T. Let Q be a quarterplane
Q= {(&,t) i £>S, t >T}, then we have by (4.22) L[p] > 0 in Q. Now we
choose M so large that p(,t) 2 M, > Ipl for (£,t) ¢ {(&,t) | € > 0,t > 0}\o.
This inequality holds on the boundary, so by Theorem 3.1 p(g,t) < p(&,t) in
Q. In the same way -p(&,t) < p(&,t), so |p(E,t)] = lawle, )] < p(E,t) in
and hence for all £ > 0, t > 0. Next we derive (4.19) for wgg = r(g,t). This

function satisfies

(4.23) Llxr]l = - p_(E,t)p(&,t).

g
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- _2 -
Let r(g,t) = Mz(e 018,67(01 clcl)t). We wish to choose M, G, so that

L[r] + p_p > 0 in a quarterplane. Since by the result above !pgpl <

- —(g2- _ -
< M3(e 01£+e (o1 clol)t) and L[r] =(—6%+c161+p)r, we can satisfy the desired

inequality for large £ and t, if 51 < 01, 5% - c0 < 0% = €104, and
-02 + ¢45 + p > 0. Take 0 < §, < 0, < s, and then § so small that g(3,) +

+ w(8) < 0. So again L[Tr] + p;p > é in a quarterplane. Take M, large enough,
then ¥ will be a upper solution, so r < ¥ for that quarterplane. By enlarging
M, we arrive at r(g,t) < r(§,t), £ > 0, t > 0 and in the same way -r < T.
Thus (4.19) is proved. All the other assertions follow in the same way. The
second part of the lemma follows by taking time-independent comparison func-

tions, and now Q can be extended down to t = 0. 0

LEMMA 4.16. For each § > O the set functions {w(+,t) | t = 8} considered as
subset of c3 (=) is relatively compact.

PROOF. As before we know that wE; WEE' wggg are bounded and equicontinuous
for t > § (see section 3). Let {tn} be a given sequence. If there is a fi-
nite accumulation point tm then the uniform continuity of w and its deriva-
tives on [G,tw) implies that w(+,t) approaches a limit for a subsequence of
{tn}. So assume there is no finite accumulation point. For any K > 0, let
wK(g,t) be the restriction of w to the set |E| < k, t 2 8. By the theorem of
Arzela-Ascoli for each K = 1,2,... there is a subsequence {tn,x} such that
the sequence {wK(tn,K)} converges in C3(—K,K). We can always restrict
{tn,K+1} to be a proper subsequence of {tn,K}' Take now a diagonal sequence,
denoted by {tn}, so {w(g,tn)} converges uniformly on each interval [-K,K] to
a limit t(g), the derivatives up to order three converge to those of 71(f).
Since w has Property A, we find that T has Property B, and it satisfies also
inequality (4.12) for t = ». Given any € > 0, one may choose then T and K
such that

lagk(w(g,t) - (B |< e, lel >k, £ >, x = 0,1,2,3,
and for N such that tN > T
k
[ag W(gt) - T(E) [< e, I€] <X, n >N,

so we have lim w(g,t ) = (&) in C3(—w,w). 0
n->co n
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LEMMA 4.17. Suppose (&) has Property B, and that for some 51, Eyr By > &y

(4.24) ¢(£—£1) < P(g) < ¢(£—52)

then there exists a 53, with 51 < g3 < 52 and a subsequence {tn}, tn > o,
n > «, such that

lim |35 (w(E,t ) ~¢(£-£.)) | = 0, uniformly in €, k = 0,1,2,3.
oo 3 n 3

PROOF. From (4.24) it follows by the maximum principle that ¢(£-£1) <
< w(g,t) < $(E-€,), - < £ < =, t > 0. We study the integral

S

J eclng(g,t)di.

0
_sig
We know that ¢(&) ~ e
ci€ 2 §g
e “w

2s1g

, £+ @ (see (4.21)), so w2 (E,t) < Ce and

(E,t) <Ce "7, E+w», &> 0. So the integral converges. In the same
way the following integrals converge (because (&) has Property B, so does

w(g,t) by Lemma 4.15)

0 - [-<)
J 18 (1o 2ae, J eclngdi, J ecliwzgag,

c, & 2 c,&
1 1
J e 1w dg, J e 1w wg aEk.

In view of the equation (4.5) the following integrals converge as well

w
(nmulFm)=I f(u)du),
0]

© 0

. (o]
J 1% e at, J 15 (rw(en F (1) at,
0

cqE
e (F(w(E))-H(-E)F(1))d4E,
with H(Z) =1, £ > 0, H(§) = 0, £ < 0. Define the functional V by
- [ 18012
viw] = e [%w;—F(w(E))+H(—£)F(1)]d&-
J

From this we deduce
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18 [w. 4 cow. + E(w) Jag =

d
3T viw(e,t)] = - J e Ve e

o

- J e€1£[w££ ooy + £(w)]%aE < 0

-0

and it follows that V is a strict Lyapunov functional (see Chapter V). Since

Vlw(+,t)] is bounded, independently of t, and g%v[w(-,t)] < 0 we have

(4.25) 1lim ii-v[w(',t)] = 0.
>0 dt

By Lemma 4.16 there exists a sequence {tn} such that w(E,tn) converges as

n »> « in C3 to some limit 1(£). This, together with the exponential decay of

the integrand of the Lyapunov functional, § + % «, implies

o
n->o

d . g 0 = 1€ 2
EEV[W( ,tn)] -> dtV['r( ] = - J e [TEE + c11'E + £(1)]17dg.

-0

But, by (4.25) this integral is zero, so

(4.26) ng + cl'rE + £(t) = 0.

Further we know by (4.12) 1(-») =1, 1(w) = 0, so by Theorem 4.5 we find
T(E) = ¢(£—£3) for some 53. 0

Now we are ready to give the

PROOF OF THEOREM 4.9.

We have found in the proof of Lemma 4.16 that there exists a function
o(g), which satisfies (4.12), with t = », so 0(£) satisfies the hypothesis
of Lemma 4.17, i.e., (4.24). Let v(g,t) be the solution of

(4.27) Ve T Vgp T CqVg ~ £(V) =0, v(E,t) = o(8),

t arbitrary, then by Lemma 4.17 there is a front ¢(£—EO) in the limit set of

v. Use Lemma 4.12 to show that lim v(g,t) = ¢(€-Eo). Next we note that solu-
oo

tions of (4.1), (4.2) are continuous with respect to their initial data in

CO(-w,w), thus there exists a function K(t), independent of Y (&), such that

if wi, i = 1,2 are solutions of (4.5), with initial data wi, 0 < wi < 1, then
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sup |w, (&,t) - w_(E,£)] < K(t) sup 19, (&) - ¥ (&)1,

: 1 2 1 2

_oo<E<co —oo<£<oo
(this can be proved by formula (3.3)). Now we know that for fixed € > 0
and g, we can choose N such that for n > N [w(g,tn) - 0(5)] < e/ZK(?).
Further in view of the convergence of v to a front, there is a ?, such that
for t > ¢ ]v(g,tn+t) - ¢(g—go)l < /2 (we have chosen t = t in (4.27)).
Now it follows that

lwg,t +5) - v(E,£ +8) | < K(E) Iw(g,t) - a(®)] < e/2,

lw(g,t +8) = $(E=£)) | < [w(E,t +8) - v(E, £ +D)] +

% =€, n > N, uniformly in g,

~ €

IV(E, e +t) - ¢(E-E) | < 5 +
so in the limit set of w there is a front ¢(£-£O). By Lemma 4.12 again we
find for all t, t > T

|w(E,t+t) - $(5-£5) | < w(e), with lim w(e) = 0,
ey0

so the assertion of the theorem is proved. 0

5. THE INITIAL-BOUNDARY VALUE PROBLEM

Since we expect that our equation describes to a certain extent the
propagation of a voltage pulse through the nerve axon, it is appropriate
to study the initial-boundary value problem (5.1) below, because axons
are stimulated at one end. Interpreting (5.1) we may think of an axon ex-
tending over 0 £ x < ®, where at x = 0 for some time a stimulus is given.
It is to be expected that a stimulus of a low level, persisting during a
short time, will die out, while a stimulus of a high level, persisting
during a long time, will grow and will finally reach a maximum value
(in our model u = 1), and will travel along the nerve. A good model for
nerve propagation will exhibit the feature that the stimulus given at
x = 0 influences the state of the axon at x > 0 but that after some time
the rest state, u = 0, is reached again. Our simple model does not have
this property, and we refer to Chapter VII, where a short introduction
will be given to the so-called Nagumo equation, which will exhibit this
feature. The Nagumo equation can be derived from the famous Hodgkin-Huxley
equation under certain limit processes and it will show qualitatively all

the desired properties of a good nerve axon model.
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We can interpret the equation of Sections 4,5 as a limit case of the Nagumo
equation, corresponding to an axon that is treated with some toxin, such
that the recovery-variable cannot act.

In mathematical terms we study the problem

ut = uxx + f(u), x>0, t> 0,
(5.1) u(x,0) =0, x>0,
u(0.,t) = x(t), 0<x(t) <1, t=20,

where f(u) has properties (4.2). We will give appropriate analogues of the

theorems in the Sections 5 and 4.

THEOREM 5.1. (Compare Theorem 3.3) Let q e X satisfy Dy * f(q) =2 0 Zn (a,b)
where 0 < a < b < ». Assume qg(a) = 0, and if b < «, assume q(b) = 0. Let
u(x,t) denote the solution of

ut =u . + f(u), x>0, t> 0,
q(x) in (a,b),
(5.2) u(x,0) = +
0 in R \ (a,b),
u(0,t) = ¢(t), 0 < ¢(t) <1, t =0.

Suppose ¢(t) <s nondecreasing, ¢(0) = 0, then u(x,t) is nondecreasing in t
and %ig u(x,t) = 1(x), uniformly in each bounded x—interval of IJL where
T(x) 18 the smallest nomnegative solution of Ty T E(T) =0 in If} which
satisfies the inequalities 1(0) 2 iiﬂ ¢(t) and t(x) =2 q(x) Zn (a,b)s

0 < 1(x) £1 for x > 0.

PROOF. From Corollary 3.2 it follows that u(x,h) 2 u(x,0), x 2 0, for all

h > 0, and since the boundary condition ¢(t) is nondecreasing, Corollary

3.2 gives also u(x,t+h) 2 u(x,t) for all h > 0. Thus, for each x, u(x,t) is
nondecreasing in t and bounded above and so lim u(x,t) = T(x) exists. To
conclude that Tex + f£(t) = 0, it is sufficiegzwto prove that u ., u and

u, are for t 2 8§ > 0 uniformly bounded and on {x [ x 2 € > 0} equicontinuous
(e, § are arbitrary constants). We refer to FRIEDMAN [15, p.92, Theorem 11,
from which this conclusion can be drawn. (Note that we can use the a priori
estimate u(*,t) € X successfully in a modification of the proof of the above

mentioned theorem, which is stated for a linear parabolic differential equa-



130

tion L[ul] = £(x,t); show first that ux, u and u, are uniformly bounded and
use this knowledge in the a priori estimates for the given H&lder norms) . By
the Arzela-Ascoli Theorem we know that on each bounded x-interval the fam-
ilies ux, uxx and u_, parametrized by t, are relatively compact, and since

t

u converges to T, wou and u, converge to the corresponding derivatives,

so T + £(1) = T, = 0. In the same way as in Theorem 3.3 1(x) is the small-
est solution such that 1(x) 2 g(x) in (a,b) and T(e) 2 lim ¢(t), and since
troo

€ was arbitrary 1(0) = lim t(e) 2 lim ¢(t). ]
ev0 oo

As in Section 3 and 4, for the use of Theorem 5.1 we have to study the
solutions T1(x) of Txx'+ f(t) =0, 0 T1<1, x>2 xo, xo arbitrary. We find
immediately the solution, representing the stable manifold tc (1,0) in the

phase plane: 6(x), with €(0) = 0. Examine further the problem (5.3) below

+ f(@d =0, x>0, q(0) =8, —q(0) =0, 0<B<1,
(5.3) e
- < qg(x) <1, x 20.

Recalling (4.4) and using Subsection 4.1, we know that for 0 < B8 < k
qg(x) = qB(x) is the solution of (5.3) in the notation of that subsection,
while for k¥ < B < 1 the condition 0 < q(x) < 1, x > 0 can not be fulfilled;

B =1 gives q(x) = 1.

THEOREM 5.2. Let u(x,t) be a solution of (5.1) with f satisfying (4.2) and

with u(+,t) € X for all t 2 0. If B = sup x(t) < k then u(x,t) < qK(x+xo)
t>0
for Xy > 0 with q,.(x5) = B. In particular lim lim sup u(x,t) = O.
X+ £

PROOF. For B < K we have seen that there is a periodic function qg satisfying
qxx + £(q) = 0, g(0) = B. Let v(x,t) denote the solution of (5.1) with the
boundary condition v(0,t) = ¢(t) = sup X(tq); this function is nondecreasing,

and satisfies %iﬂ $(t) = su% x(t)"B < K. It follows that u(x,t) < v(x,t).

The limit solution t(x) = %33 v(x,t) is the minimal solution of
Tex + £(1) = 0 with the property v(x,t) < t(x) for all x > 0, t > Q0. Since we

can take the interval (a,b) from Theorem 5.1 arbitrary, we can prove that for
every possible solution T(xX) = qB(X+xO), 0 < B < k there exists an interval
(a,b) such that qK(x+x0) < qB(x) in (a,b). So necessarily T(x) = qK(x+xO)

(=¢(x+xo), see Subsection 4.1) with x. > 0 and qK(xo) = B and so

0

lim sup u(x,t) < g (x+x.), thus lim lim sup u(x,t) £ lim g (x+x.) = 0. [
>0 K 0 X0 t-c0 x>0 K 0
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As was mentioned above we have shown with this theorem a kind of thresh-
0ld relation. In the following theorem we will formulate a threshold rela-
tion which is more adapted to physical situations; it turns out that an
appropriate measure of the strength of the pulse at x = 0 can be given in

the form of an integral.

THEOREM 5.3. (Compare Theorem 4.2) Let u(x,t) be a solution of (5.1) with
f satisfying (4.2) and with u(+,t) € X for all t 2 0. Suppose that for some
T > 0 and some p € (0,a)

(5.4) x(t) < o, t>T
and
T
(5.5) j STy (1) -pTtat < /3? ‘9%"-’
0
where s = s(p) and [u]+ are defined as in Theorem 4.2, then

lim lim sup u(x,t) = 0.
b gad troo

PROOF. The proof follows the-same lines as the proof of Theorem 4.2: v(x,t)

+
= u(x,t) - p; w(x,t) is the solution of W, o= W+ osw, w(x,0) = [u(x,0)-p]
+ - - - -— -
=0, w(0,t) = [x(t)-p] and w = we st is the solution of W =W w(x,0) =
t

- + -

=0, w(0,t) = [x(t)-pl e St In the same way it follows that w(x,t) 2=

> u(x,t) - p. We want to show for some x1 528 w(xl,t) < o - p, since then
t=

igg u(xl,t) < o < k and we can apply Theorem 5.2. We use the explicit ex-

pression for ﬁ(x,t):

t 3«
(5.6) w(x,t) = v_v(x,t)eSt = X J es(t_T)[x(T)—p]+(t—r) 2 e 4(e-1) ar.
2/170

We make the following assertions:

(i) For § > 0 fixed, w(x,T+8) < a - p, x 2 0, so u(x,T+S8) < a, x 2 0;

(ii) w(x,t) <a-p, x 20, t2T+ 6§, sou(x,t) <o, x 20, £t 2T+ §;
(iii) For %y large enough w(xl,t) <o -p, 0st<T+§;
(iv) ﬁgg u(xl,t) < o < K,

For (i) we need a careful analysis, see below; Corollary 3.2 yields

(ii); (iii) follows from the representation (5.6) and (iv) is a consegquence

of (ii), (iii) and Corollary 3.2.
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PROOF OF (i). For T > T the integrand in (5.6) gives no contribution in view

of (5.4), so

T 3 _ x2
f - 4
w(x,T+8) = i—es(S J es(T T)[X(T)—p] (T+8- r)z (T+8-1) dtr = I.
2/
0
3
Consider g(B) = 2(1;8 2 —ot/B, which is maximal for B = %a and g(%a) =
31 23 23

= 32 22 a_1 e 2 , and h(a) = 2a£6 2 e—a/B' which is maximal for

= B and h(}p) = 22 bgmlgmh,

2
Let o = ’—‘5—, B (1)

T+68§ -1, 0<T<T,

We distinguish the following three cases:

(a) %B(T) < o < %B(O), then the maximum of the function g(T+§-T1) turns up
2

in the interval of integration. So using o = X_ and thus 68 < x°, we

4
have
3 3 3
2 2 - -
9(_3'(!) =6 x2e2<656 1e2
s 37T
s _3
and consequently I < & £§ e 2 J e® (T—T)[x('r)-p]+d'r.
2/

3 0
(b) 0<ac< > B(T) , then the maximum of g will be reached for Tt = T. So

B(T) = § and
3

175 _ 1 _1 -
g(8) = 2028 2678 = h(a) < h(4s) = 275 L2,

3
(c) 7 B(0) < @, then the maximum of g will be reached for T = 0. So

B(0) =T + § and

3
-= 1 o
g(T+5) = 2a£(T+(S) 2e o/ (T+6) = h(a) < h(§(T+8)) = 2%(T+6) 1e i.
From
23
S U S N g
5¢ +r§°® rqoyse T TFe

and from (5.5) we deduce after substituting of § = -1

s§
1< &2 /e 0,

2/;;6 s s
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and finally w(x,T+8) < a - p, x 2 O. 0O

PROOF OF (iii). By the representation (5.6) of w(x,t) we can choose x, large

1
enough, namely

.
x—l > 2(T+<S) > 1t for 0 < t < T+§
4 2 2 - - !
which gives P
x 3
1 2 4(T+8) /21 (a-p)
w(xl,t) < 57? (T+8) e s s
2
. T 3
4(T+6) 1 2 ]

Choose now further xle < 22 (T+68) " se { which leads to w(xi,t) <a -p,

0<t<T+ 8. O

THEOREM 5.4. (Compare Theorem 4.4) Let u(x,t) be a solution of (5.1) with
f satisfying (4.2) and with u(+,t) € X for all t = 0. For any B € (x,1)
there is a positive time TB with the property that the condition x(t) 2 B

on (tO’tO+TB)’ tg 20 implies lim lim inf u(x,t) = 1.
. X->00 o0

PROOF. Let o(t) be a smooth nondecreasing function, satysfying o(t) = O in
(=«,0), o(t) =B in (1,«). Let w(x,t) denote the solution of the problem
(5.1) where we have chosen X(t) = o(t). By Theorem 5.1 lim w(x,t) = 1T(xX),
where T(x) is the smallest nonnegative solution of the ;::blem Tex + £(1) =0
7(0) 2 B, T(x) 2 0 in (0,x). Let 6(x), with 6(0) = 0, represent the stable
manifold to (1,0), then we know, in view of the remarks above, that

T(X) = e(x—xl), where x, < 0 is such that 6(—x1) = B. Moreover we know

1
that the convergence of w(x,t) to e(x-xl) is uniform on each bounded

interval. Thus q, (x-%2_-1) < B < 6(x-x,) on (1,1+22_ ). Since w(x,t) converges
B B 1 B

to 6(x~x1) uniformly on [1,1+2£B] there is a time TB for which W(X'TB) >

> qe(x—zs—l) on [1,1+2£ ]. Further by Corollary 3.2 it follows from

x(t) 2 B 2 o(t) on (t ,t +TB) and u(x,t ) 20 =w(x,0), x > 0: u(x,t0+t) >
g’ thus u(x,tO+TB) > w(x TB) > qB(x—ZB-l) on

(1, 1+2£B) Again by Corollary 3.2 and Theorem 5.1 11% inf u(x,t) is bounded

below by a nonnegative solution T (x), Xx20o0of T xx + £(1) =0, whlch in

2 w(x,t), x 20, 0<t<T

turn is bounded below by qB(x -%.-1) on (1, 1+22 ). In particular T (1+£B) >
2 qS(O) B > k. So 1t follows that T (x) 6(x—x1), x < 0 thus

lim lim inf u(x,t) = 1. 0O

X->00 t>
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5.3:

This last theorem provides us with a kind of counterpart to Theorem

if the stimulus at the boundary will persist during a time, long enough

above the level B, then the resulting signal will tend to one.
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V. EXAMINATION OF STABILITY BY MEANS OF LYAPUNOV FUNCTIONS

1. INTRODUCTION

The present chapter again deals with the nonlinear parabolic initial
boundary value problem in one x-variable, which was also considered in chap-
ters I, II and III. Here, the technique of Lyapunov functions, already fam-
iliar from the theory of ordinary differential equations, will be illumin-
ated. For a special equation a description was given in Chapter I of how the
stability of equilibrium solutions can be examined in this way. Here, we
first develop the theory in the abstract context of dynamical systems. In
the application to parabolic equations we do not use the Hl—topology, as in
Chapter I, but only the Co—and Cl— topology. In Chapter III, Section 5, it
has already been pointed out that stability depends on the sign of the
smallest eigenvalue of the linearized differential operator in x with suit-
able boundary values. In the case of one x-variable this eigenvalue problem
is a regular Sturm-Liouville problem, for which there exists an extensive
theory. We conclude this chapter by proving instability results for non-
constant equilibrium solutions in the case of a source term depending on u
but not on x. The philosophical implications of these results have already
been mentioned in Chapter I, Section 3.

The present chapter is based on papers by PELETIER [1], CHAFEE &
INFANTE [2], CHAFEE [3] and AUCHMUTY [4].

2. LYAPUNOV FUNCTIONS FOR ORDINARY DIFFERENTIAL EQUATIONS

Consider the initial value problem

(2.1) du _
- f(u),
(2.2) u(0) = x,

n n . . . .
where f: R° > R is continuously differentiable and x

m

is equivalent to the integral equation
t

(2.3) u(t) = x + f f(u(t))dt.
0
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It is well known (cf., for instance, HALE [5, Chap.I]) that the problem
(2.1), (2.2) has at most one solution u(t,x), and that u(t,x) exists at a
maximal open subset E of R x R” which includes {0} x R". Furthermore,

the mapping u: E > R" is continuous and u(0,X) = X, u(tl,u(tz,x))

= u(t1+t2,x), where the last identity holds as long as both sides are well-
defined. If [0,®) x Iﬁl c E, then the mapping u is an example of a dynamical
system.

Let x. € Ifl, f(xo) = 0. Then the mapping t > Xx_ is an equilibrium so-

0
Jution of (2.1). Let

9f. (y)
fl(y) .= ( i y )
Byj

denote the Jacobian matrix of f. The stability of the equilibrium solution

0

x0 is related to the eigenvalues of f'(xo) in the following way. A neces-
sary condition for stability of xO is that no eigenvalue of f'(xo) has pos-
itive real part; a sufficient condition is that all eigenvalues have neg-
ative real part (cf. CODDINGTON & LEVINSON [6, Ch.13, Section 1.

The stability of equilibrium solutions of (2.1) can also be examined by
means of Lyapunov functions. A function V € Cl(I{5 is called a Lyapunov
function for the differential equation (2.1) if éav(u(t)) < 0 for each so-
lution u of (2.1). If, moreover, this inequality is strict for all nonequi-
librium solutions u of (2.1), then V is called a strict Lyapunov function.
Let x0 be an isolated equilibrium solution of (2.1) and let V be a strict
Lyapunov function. Then a necessary condition for stability of X, is that Vv
attains a local minimum in Xy a sufficient condition is that V attains a
strict local minimum in X, (cf. HALE [5, Section X.11).

In general, it is difficult to find an explicit Lyapunov function for

a given equation (2.1). However, if (2.1) is a gradient system, i.e. if

9f; 9f.
r=-_J  i,j=1,...,n,

3y dy;

then a Lyapunov function can be defined in a canonical way as follows. There
. 2,.n .
exists V € C°(R '), unique up to a constant term, such that grad Vv = -f. If

u is a solution of (2.1), then
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-HO T

dt

(2.4) d
éEV(U(t))

Hence V is a strict Lyapunov function. Furthermore, if x_ is an equilibrium

0
solution of (2.1), then
n Bfi(y) 2
(2.5) Vix +2) - V(x.) = -} e z.z, +o(|lz]")
0 0 i 5=1 dy. i7j
J= J Y=X0

for z + 0. Thus, for gradient systems the connection between the stability

of xo, the spectrum of f‘(xo), and the behaviour of V around xo, is clear.

3. PRELIMINARIES ON NONLINEAR PARABOLIC INITIAL BOUNDARY VALUE PROBLEMS

Let f be a once continuously differentiable function on [0,7] x R and

let 0 < s £ », Consider the parabolic initial boundary value problem

(3.1) ut(x,t) = uxx(x,t) + f(x,u(x,t)), 0O<x<mm, 0<t<s,

where u satisfies either Dirichlet boundary conditions

(3.2) u(0,t) = 0 = u(m,t), 0<tc«<s,

or Neumann boundary conditions

(3.3) ux(O,t) =0 = ux(n,t), 0<t<s,

and has initial value

(3.4) u(x,0) = ¢(x), 0 <x < .

In (3.4) it is supposed that ¢ € C([0,7]) and, in case of Dirichlet boundary
conditions for u, ¢$(0) = 0 = ¢(m).

The combination of Corollaries II.1.10 and II.1.11 and Theorems II.3.4

nd IT_ 2.5 vielde

-2.2 Yielge
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THEOREM 3.1. Problem (3.1)-(3.4) has at most once classical solution u. For
some s > 0 there exists a function u on [0,n] x [0,s) such that u, u s u

and u, are continuous and (3.1), (3.4) and (3.2) or (3.3) are satisfied.

XX

Let us define BO as the class of all ¢ € €([0,7]) such that, in the
case of boundary conditions (3.2), ¢(0) = 0 = ¢(w). Let B1 be the class of
all ¢ € Cl(fo,n]) such that ¢(0) = 0 = ¢(m) in the case of boundary condi-
tions (3.2), and ¢'(0) = 0 = ¢'(m) in the case of boundary conditions (3.3).
For any function ¢ on [0,m], let l¢l denote the supremum of [¢(x)| on [O0,w].
Then B and B! are Banach spaces with norms "¢ﬂ0 := ¢l and
ﬂ¢ﬂ1:= Il + Ho'l, respectively. The imbedding of B1 in B0 is a compact lin-
ear operator.

Stressing the dependence on the initial value, we will often write
u(x,t,¢) instead of u(x,t) for solutions of (3.1)-(3.4). We will also use

the notation
(3.5) u[t,¢](X) = u(xltl¢)-

Let s(¢) denote the maximal s such that the solution u(.,.,$) exists on
[0,77 x [0,s). Then ult,s] € BO if 0 < t < s(¢) and ult,$] e B if
0 < t < s(¢). We also have

(3.6) ul0,¢] = ¢,

(3.7) uCtl,u[t2,¢]] = u[t1+t2,¢], t, o+, < s(¢).

The solutions of (3.1)-(3.4) can be considered as curves t - ult,¢] in BO,
similarly to the way in which the solutions of (2.1), (2.2) could be con-
sidered as curves in R".

The following three theorems describing the dependence of ult,$4] on t

and ¢ will be proved in the appendix, Section 9.

THEOREM 3.2. The domain {(t,$) | ¢ € BO, 0 <t < s(¢)} Zs an open subset of

[0,») x BO, and the mapping (t,¢) > ult,$] s continuous from this domain
. 0
into B .
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THEOREM 3.3. The mapping (t,$) - ult,¢] is continuous from the domain

{t,0) | ¢ e 8%, 0<t<st)?} into 5.

THEOREM 3.4. For each r > 0 there exists a T > O such that
. 0
T < inf{s(¢)]| ¢ € B, Tgl ) < r}

and

sup(lult 6], | ¢ e 8°, Iol < r} <
Zf 0 <t <T.

We conclude this section by introducing a Lyapunov functional for
problem (3.1)-(3.3), analogous to the Lyapunov function for a gradient sys-
tem described in Section 2. For ¢ € 31 define

T ¢ (x)
(3.8) V($) := J (§¢'(x)2 - j f(x,y)dy)dx.
0

THEOREM 3.5. For each ¢ € 8’ the function t - V(ult,$]) is differentiable on
(0,s(¢$)) and

T
(3.9 d 2
) EEV(UEt'¢]) = - J ut(x,t,¢) dax.
0
Let us prove this theorem here, under the assumption that uxt exists
and is continuous on [0,7] x (0,s(¢)). Then

™

4 = -

EEV(UEt’¢]) = J (uxuxt f(x,u(x))ut)dx
0

m m
=uu ] - J (u +f(x,u(x))u ax
XX t
0 0
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In general, the above assumption is not valid. Then a more intricate argu-

ment is needed, which will be given in the appendix, Section 9.

4. LYAPUNOV FUNCTIONS FOR DYNAMICAL SYSTEMS

In Sections 2 and 3 we considered solutions of differential equations
as mappings u with domain contained in R x X and with range contained in
X, where X is a suitable Banach space. These mappings satisfy properties of
the form (3.6) and (3.7). The case that u is well-defined on [0,®) x X is of
particular interest. In this section we will give a general theory of Lya-
punov functions for dynamical systems, which can be applied to the cases de-
scribed in Sections 2 and 3. The first part of this section closely follows
PELETIER [1].

Let X be a complete metric space with distance function dx(.,.). Let a
mapping u: [0,®) x X > X be given such that
(1) u(0,9) = ¢ for all ¢ € X,
(ii) u(t+s,¢) = u(t,u(s,¢)) for all t, s 2 0,
(iii) the mapping u: [0,*) x X + X is continuous.
Then u is called a dynamical system on X.

If ¢ ¢ X, then the orbit y(¢) through ¢ is defined by
(4.1) y(¢) := {u(t,$) | t = 0}.

A set S ¢ X is called positively invariant if y(¢) < S for all ¢ € S. If

¢ € X, then let wx(¢) denote the set of all ¥y € X such that u(tn,¢) -+ ¢ for

some sequence tn > o, It is called the w-limit set of the orbit y(¢). Clear-
ly, wX(¢) is a positively invariant closed subset of X, but mx(¢) may be em-
ty.

Let also a complete metric space Y be given, with distance function
dy(.,.), which is compactly imbedded in X, i.e., there exists a continuous
injection 1: Y > X which maps bounded subsets of Y to relatively compact
subsets of X. Suppose that u satisfies three additional properties:

(iv) If t > 0 and ¢ € X, then u(t,¢) € Y,
(v) the mapping u: (0,~) x X > Y is continuous,
(vi) for each bounded subset S of X there exists a t. > 0 such that u(t,S)

0

is a bounded subset of Y if 0 < t < tO.
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The following lemma shows that the properties (i)-(vi) imply a much

stronger version of property (vi).

LEMMA 4.1. If s <s a bounded subset of X, then for each t > 0 u(t,S) s a
relatively compact subset of Y.

PROOF. Let S be a bounded subset of X and let t > 0. There exists a to,

0 < t0 < t, such that u(to,s) is a bounded subset of Y. Hence u(to,s) c Sl,
where S1 is a certain compact subset of X. Then
u(t,s) = u(t—to,u(to,s)) c u(t-tO,Sl). By property (v) the set u(t-t

is compact in Y. [

O'Sl)

COROLLARY 4.2. Let ¢ € X be such that y(¢) is bounded in X. Then for each
T > 0 the set Y (9) == {u(t,d) | t 21} <s relatively compact in Y.

With respect to the topology of Y we can define the w-limit set my(¢),
¢ € X, as the set of all ¢ € Y such that dY(u(tn,¢),¢) + 0 for some se-
quence tn - ., Note that mY(¢) is closed in Y and that wY(¢) c wx(¢). If
Y(¢) is bounded in X, then by Corollary 4.2 the inverse inclusion also holds.
Hence, if y(¢) is bounded in X, then we may write w(¢) without reference to
X or Y.

THEOREM 4.3. Let ¢ e X such that v(¢) is bounded in X. Then
(a) w(¢) Zs nonempty

(b) w(¢) <& compact in the topology of ¥,

(c) w(d) Zs connected in the topology of Y.

PROOF.

(a) Let tn »> «. Then, by Corollary 4.2, the sequence {u(tn,¢)} is relatively
compact.

(b) w(¢) is the intersection of the closures of YT(¢), T > 0.

(c) Suppose that w(¢) is not connected in Y. Then w(d) "is the disjoint union
of two nonempty closed subsets s1 and 52. Since w(¢) is compact in Y, the

same holds for S1 and Sz, and p := dY(sl'SZ) > 0. Pick ¢1 € Sl, wz €S

9"
We can choose sequences s+ ©, t -+ o such that s < t < s for all
1 B n n n+1
< =p, d_(u(t < Zp. Hence there is a sequence
n and dY(u(sn,¢),¢1) 3P Y‘ ( n.¢),¢2) 3P h 1 que
{r_} such that ¢ <r <t for all n and &_{ulr $)48.) = 3p, i =1,2.
n

n n n Y n 1
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By Corollary 4.2, the sequence {u(rn,¢)} has a subsequence converging to
some X € Y in the topology of Y. Then x € w(¢), but, on the other hand,

dY(x,m(¢)) > lp. This is a contradiction. [

An element ¢ € X is called an equilibrium point of the dynamical system
if v(¢) = {¢}. Note that all equilibrium points belong to Y.

We say that an orbit y(¢), ¢ € X, stabilizes in X (or Y) if there
exists Y € X (or € Y) such that u(t,¢) > ¢ as t > « in the topology of X
(or of ¥). It is easily verified that an orbit y(¢) stabilizes in X if and
only if it stabilizes in Y. Furthermore, if u(t,¢) > ¢ as t + <, then ¢ is
an equilibrium point. Finally, an orbit y(¢) stabilizes if and only if vy (¢)
is bounded in X and w (¢) consists of exactly one point.

An equilibrium point ¢ is called isolated in X (or in Y) if some neigh-
bourhood of ¢ in X (or in Y) contains no other equilibrium points. Again it
can be verified that an equilibrium point is isolated in X if and only if it
is isolated in Y.

Let a continuous function V: Y > R be given. For ¢ € Y define

Viu(t,$))-vi¢)

(4.2) V(¢) := lim sup -

t+v0

Let V have the following two properties:

(vii) V(¢) < O for all ¢ € Y,
(viii) If ¢ € Y and 6(¢) = 0, then ¢ is an equilibrium point.

Then V is called a strict Lyapunov function on Y with respect to the dynami-
cal system.

Note that for each ¢ € X the function t - V(u(t,¢)) is nonincreasing
on (0,®) and that it is strictly decreasing on (0,») except if u(t0,¢) is an

equilibrium point for some tO > 0.

THEOREM 4.4. Let ¢ € X such that y(¢) Zs bounded in X.

(a) ALl elements of w(¢) are equilibrium points.

(b) If all equilibrium points in X are isolated, then w(¢) consists of exact-
ly one equilibrium point .
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PROOF .
(a) Let ¥ € w(¢) and tn + o guch that dY(u(tn,¢),¢) - 0. Then for each T 2 0
dy(u(tn+T,¢),u(T,w)) -+ 0 and V(u(tn+r,¢)) -+ V(u(t,y)). Since V(u(t,9))

is nonincreasing in t we have
V(u(tn.¢)) 2 V(u(tn+r,¢)) 2 V(y) 2 v(u(t,p)).

Hence V(u(t,y)) = V(y) for each T = 0, i.e. G(w) = 0. It follows that
Y is an equilibrium point.
(b) w(¢) is discrete, connected and nonempty. Hence it must consist of one

point. [J

If X is bounded and if all equilibrium points are isolated, then it
follows from Theorem 4.4 that each orbit y(¢) stabilizes. Let for an equi-
librium point v the so-called domain of attraction A(v) denote the set of
all ¢ € X such that u(t,¢) = v as t + «. Then, under the above conditions,
X is the disjoint union of all domains of attraction A(v).

We now turn our attention to the examination of stability of equilib-
rium points. It is still assumed that the properties (i)-(viii) are valid.

For the moment let Z denote either X or Y.

DEFINITION 4.5. Let v € Y be an equilibrium point.
(a) v is called z-stable if for each € > 0 and T > 0 there exists § > 0 such

that:
¢ € 2,
dz(¢,v) < 8, = dz(u(t,¢),v) < g.

t=>T

(b) v is called z-attractive if there exists n > 0 such that:

¢ €2z,
= 1im 4_(u(t,$),v) =0
a, (¢,v) <n PRESOR4

(c) v is called Z-agsymptotically stable if v is both Z-stable and Z-attrac-

tive.
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(d) v is called Z-unstable if v is not Z-stable.

It is not difficult to prove that an equilibrium point v is X-stable,
X-attractive, X-asymptotically stable or X-unstable if and only if v is Y-
stable, Y-attractive, Y-asymptotically stable or Y-unstable, respectively.
Observe that v is attractive if and only if it is an interior point (in X
or Y) of its domain of attraction A(v).

The following theorem is a refinement of Theorem I.7.1.

THEOREM 4.6. If V attains a strict local minimum in an equilibrium point v,
then v is stable.

" PROOF. Let v be an equilibrium point such that V attains a strict local min-
imum in v. Choose r > 0 such that V(¢) > V(v) if O < dY(¢,v) < r. Choose ¢,
0 < e <r, and T > 0. There exists 61 > 0 such that dy(u(t,¢),v) < g if

d (¢,v) < & and T < t < 2T. Let S := {u(T,9) | a,(¢,v) < e, d (u(T,$),v) =
= e}. If S is empty, then we are done.

Otherwise, since S is relatively compact, there exists Y € Y such that
dY(w,v) = ¢ and inf{V(¢) | ¢ € S} = V(y). Hence

p := inf{v(¢) | ¢ € S} - V(v) > O. There exists §, 0 < § < §,, such that

'
V(p) = V(v) < p if dy(¢,v) < §. Fix ¢ € Y with dy(¢,v) < §. éhen, for

T <t £ 2T, dY(u(t,¢),v) < €. We claim that dY(u(t,¢),v) < ¢ for all t =2 T,
for otherwise there exists t0 > 2T such that dy(u(t0,¢),v) = ¢ and
dY(u(tO—T,¢),v) < €. Hence u(t0,¢) € S and V(v) + p > V(¢) 2 V(u(t0,¢)) 2

> V(v) + p. This is a contradiction. O
The last theorem of this section incorporates Theorems I.7.2 and I.7.3.

THEOREM 4.7. Let v be an isolated equilibrium point. Then the following four
statements are equivalent:

(a) v 18 attractive,

(b) v Zs stable,

(c) v 28 asymptotically stable,

(d) V attains a strict local minimum in v.

PROOF. (a) = (d): Let v be attractive. Choose n > 0 such that
dy(u(t,¢),v) + 0 as t > o if dy(¢,v) < n. Then V(¢) > V(v) if
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0 < dY(¢,v) < n, for otherwise there exists ¢, 0 < dy(¢,v) < n, such that

for all t 2 0 we have

IA

V(v) Viu(t,9)) < V(4) < V(v).

Hence V(u(t,¢)) V(v) for all t 2 0, i.e. ¢ = u(t,¢) = v. This is a contra-
diction.

(d) = (b): Apply Theorem 4.6.

(b) = (c): Let v be stable. Let € > O such that there are no equilibrium
points ¢ # v with dY(¢,v) < €. There exists 6§ > 0 such that dY(u(t,¢),v) < e
if dY(¢,v) < § and t 2 1. Hence, if dy(¢,v) < 8, then y(¢) is bounded in Y
and w(¢) is nonempty and consists of equilibrium points y such that

dY(w,v) < €. Hence w(¢$) = ¥.

(c) = (a): obvious. [

Note that if V attains a strict local minimum in an equilibrium point
v with respect to the topology of Y, then this is also true with respect to

the topology of X.

5. APPLICATION OF THE PRECEDING THEORY TO NONLINEAR PARABOLIC INITIAL BOUND-
ARY VALUE PROBLEMS

In this section the results of Section 4 will be applied to solutions
of problem (3.1)-(3.4). Using the notation of Section 3, let X be a nonempty
closed subset of B0 such that, for each ¢ € X, s(¢) = «» and ult,¢] € X for
all t 2 0. Let Y be the intersection of X and Bl, and let Y have the topology
induced by Bl. Let V be the restriction to Y of the function defined by
(3.8). It follows from formulas (3.6), (3.7) and (3.9) and Theorems 3.2, 3.3
and 3.4 that, with these choices of X, Y, u and V, the properties (i)-(viii)
of Section 4 are satisfied. Then all conclusions of Section 4 are valid.

We will mention two examples of choosing a suitable subset X of BO.
First, if there exists K> 0 such that |f(x,y)] < K([yl+11 for all
(x,y) € [0,7] x R, then Theorem II.3.3 shows that we can choose X as the
whole space BO. For the second example we need the concept of upper and low-

er solutions, which were also introduced in Chapter III.

DEFINITION 5.1. An upper equilibrium solution of (3.1) and (3.2) or (3.3) is
a function X € C2([O,n]) such that
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x"(x) + £(x,x(x)) <0, 0<x<m,
x (0) =20, X(m) =2 0 in the case of (3.2),
x'(0) < 0, X'(m) =2 0 in the case of (3.3).

A lower equilibrium solution of (3.1) and (3.2) or (3.3) is defined similar-

ly, but with all inequality signs reversed.

Now suppose that x and y are upper and lower equilibrium solutions such
that ¥ 2 ¢ on [0,7]. Choose X as the set of all ¢ € BO such that x 2 ¢ =2 ¢
on [0,7]. Then it follows from Theorem II.1.9 in the Dirichlet case and from
Lemma 9.2 (see Appendix) in the Neumann case that ult,¢] € X if ¢ € X and
0 € t < s(¢). Finally, since X is bounded, it follows from Lemma 9.3 (see
Appendix) that s(¢) = = for each ¢ € X.

In the last example it is particularly convenient to choose X and ¥ as
constants c1 and c2, respectively, such that c1 > c2 (or c1 > 0 > c2 in the
Dirichlet case) and f(x,cl) <0, f(x,c2) >0 on [0,n].

Let us next apply the results of Section 4. By an equilibrium solution
of (3.1) and (3.2) or (3.3) we mean a function v € Cz([O,ﬂ]) n B1 such
that

(5.1) v'(x) + £(x,v(x)) =0, 0

IA
»
N
3

As a corollary to Theorem 9.4 we have:

THEOREM 5.2. Let x and ¢ be upper and lower equilibrium solutions, respec-—
tively, of problem (3.1)-(3.3), such that x =2 ¢ on [0,n]. Suppose that all
equilibrium solutions of (3.1)-(3.3) lying between ¢ and x are isolated.
Then all solutions t - ult,¢] of (3.1)-(3.4) with initial value ¢ lying be-
tween Y and x stabilize (i.e. tend, in Cl—norm, to an equilibrium solution

as t > =),

From now on suppose that X and Y are subsets of B0 and Bl, respective-
ly, as described in the beginnirg of this section. Then Definition 4.5 de-
fines various forms of stability for equilibrium solutions, and Theorems 4.6
and 4.7 give necessary and sufficient conditions for stability in terms of

minimum properties of V.
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It follows, by a Taylor expansion of the integrand of the outer inte-
gral in (3.8), that for fixed ¢ € Y

(5.2) VR = V) + L)+ do ) + o(lyl})

¢

for ¢ € Bl, ﬂ¢"0 - 0, where

il
(5.3) L¢(w) = J (6" (X)P' (X)+E(x,¢(x)) P (x))dx,

0]
and

m
(5.4) 9, () := J (w'(X)z—fy(x,¢(x))W(x)2)dx.

0
Note that L¢ and Q¢ are continuous on Bl. If v is an equilibrium solution of
(3.1)-(3.3), then

)

Lv(w) = - J (v"+f (x,v(x))y(x)dx = 0, Y e B1.
0

THEOREM 5.3. Let v € Y be an equilibrium solution of (3.1)-(3.3).
(a) If there exists a > 0 such that

(5.5) 9, W) = aﬂwﬂg for all v € B!,

then v is stable.

(b) If v s an <solated equilibrium solution and if (5.5) holds with a > 0,
then v is asymptotically stable.

(c) Let v be an interior point of Y considered as a subset of B! and tet v
be an isolated equilibrium solution. If v is stable, then Qv(w) > 0 for
all Y € B1.

PROOF. Since v is an equilibrium solution we have

(5.6) VvHp) = V(9) + 4 (¥) + o("d»"g)

for ¢ ¢ B, Iyl > o.
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(a) It follows from (5.5) and (5.6) that

V(vHp) - V(v) 2 {a"wﬂg

for ¥ € Y, "w“o sufficiently small. Hence V attains a strict local min-

imum in v with respect to the topology of X.

(b) Apply Theorem 4.7.
(c) Since v is isolated and stable, V attains a strict local minimum in v by

Theorem 4.7. Suppose that there exists ¥ € B1 such that Qv(w) < 0. Then
it follows from (5.6) that

V(vicy) - V(v) = %csz(w) + o(c2) for ¢ » 0.

Hence, for sufficiently small c¢ # 0 we have V(v+cy) - V(v) < 0, v + cy € Y.

This is a contradiction. [

The above theorem relates the stability properties of an equilibrium

solution v to the sign of

1

(5.7) inf{Qv(lp)] v e B, ||q,|iO = 1}.

In Section 6 we will show that the number defined by (5.7) has the same sign

as the smallest eigenvalue A of the Sturm-Liouville problem

(5.8) W+ () (v G0) G = 0, w e c®(o,n1) n BL.

6. PRELIMINARIES ON REGULAR STURM-LIOUVILLE PROBLEMS
Let g € C([0,7]) and A e C.. Consider the regular Sturm-Liouville problem

(6.1) w"(x) + (A-g(x))w(x) = 0, 0

IA
»
IA

™

with boundary conditions
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(6.2) w(0) = 0 = w(m)
or
(6.3) w'(0) =0 =w'(m).

If for a certain A there exists a solution w € C2([O,ﬂ]) of problem (6.1)-
(6.3) which is not identically zero, then A is called an eigenvalue and w a

corresponding eigenfunction of the problem.

THEOREM 6.1 (cf. CODDINGTON & LEVINSON, [6, Ch.8, Theorem 2.11). ALl eigen-
values of problem (6.1)-(6.3) are real and simple. They form a monotone in—
creasing sequence Ags Ms Agse.. tending to «. An eigenfunction correspond-
ing with )\n has exactly n simple zeros on (0,m).

Let ¢n denote the eigenfunction corresponding with An which is normal-
™ '
ized such that 0 ¢n(x)zdx = 1 and either ¢n(0) > 0 or ¢n(0) > 0. It follows
immediately from (6.1)-(6.3) that

™
(6.4) J b ()0 (ax = 6 .
0
If £ € L2([0,ﬂ]), then let
m
(6.5) £ (n) := J £x)6_(x)dx, n=0,1,2,...,
0]

denote the Fourier coefficients of f with respect to the orthonormal system

fo_}.
THEOREM 6.2 . (cf. CODDINGTON & LEVINSON [6, Ch.7, Section 4]).

(a) If £ e L2([0,7]), then

(6.6) £6) = § e (), O0sx<m,
n=0

. . 2
with convergence in L° sense.

5
-
+
th
nm
to
pl
(@}
=
o
]
Ld

hen (6.6) holds with uniform comvergence on
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THEOREM 6.3. If £ € 8! n C2([0,1r]), then

6.7) £ ) = § £ mex,
n=0 n

with uniform convergence on [0,7].

PROOF. Let g := f" - gf. Then g ¢ Lz([O,w]) and

m 1
A
= "_of) = "_ =
g (n) J (f qf,¢ndx J f(¢n q¢n)dx
0 0
™
A
= =A J f¢ dx = -A_£f (n).
n n n
0
-] A oo A "
Hence f" - gf = - z A f (n)o_ = z f (n)(¢_ -a¢_),
n n n n
n=0 n=0
. 2 T oA 2
with convergence in L”-sense. Thus f" = z f (n)¢n" in L -sense,
n=0
S A
(%) fr(x) - £'(0) = Z £ (n)(¢n'(x)-¢n'(0)) with uniform convergence,
n=0

f(x) - £(0) - £'(0)x =

= z fA(n)(¢ (x)-¢_(0)-¢'(0)x) with uniform convergence.
n=0 n n n

By substituting (6.6) in this last equality it follows that

> A
£1(0) = ] £ (¢l (0).
n=0

Hence formula (*) yields (6.7). [

COROLLARY 6.4. The class of all finite linear combinations of eigenfunctions

. . 1
¢n 1g dense in B .

PROOF. Because of Theorems 6.2(b) and 6.3 this class is dense in
B1 n Cz([O,ﬂ]) with respect to the Cl—norm. Furthermore, B1 n C2([O,n]) is

dense in Bl. 0
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Let
™
(6.8) Q(f,g) := J (f' g'+qfg) dx, £,9 € Bl-
0

Q is a bounded symmetric bilinear functional on Bl. Integration by parts

gives
(6.9) Q(¢m,¢n) = Am6 .
THEOREM 6.5. If f € Bl, then

Q(f,£)

v

>
O3

'—hN

&

The equality sign holds if and only if £ = const. ¢0.
1
PROOF. By approximation of £ ¢ B with finite linear combinations of eigen-

functions ¢n, it follows, in view of (6.9) and Corollary 6.4, that

0 1

m
Q(f,£) 2 A fA(O)2 + A f (f—fA(0)¢O)2dx > AO
0

™

J fzdx. O
0

LEMMA 6.6. There exists a ¢ > 0 such that

™
J ((f')2+f2)dx > cl|f||c2), for all £ ¢ Bl,
0

where | fﬂo denotes the sup-norm on [0,n].

PROOfl Let X, € [0,7] such that |f(x)| attains an absolute minimum in Xye

Then

X
£(x) = f(xo) +J £' (y)dy,
X

™ % X % X
[£x)| < n'*(f £(y) dy) + (f dy) [J f'(y)2dy|
. o, %o
< 'rr—£(J f(y)zdy)i + n£<f £! (y)zdy)i. O
0 0
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THEOREM 6.7. If A, > O then there exists an a > 0 such that
2 1
Q(f,£) = a"f“o, for all £ € B™.

If Ao < 0 then Q(£f,f) < O for some f € Bl.

PROOF. Let XO > 0 and f € B1. By Theorem 6.5 and Lemma 6.6 we have

L
Q(f,f) = AO J f2dx
0

and

™ ™
Q(f,f) J (f2+(f‘)2)dx + J (q—1)f2dx >
0 0

v

™
2 2
- lg-1l
olel? ~ g1l J £2ax.
0
Hence
g1l 42 )Q(E,6) > A clel?,
00 ’ 0 0°

This proves the first part of the theorem. If AO < 0 then the correspond-
ing eigenfunction ¢0 satisfies
m
Q6,8 = A, | ¢2ax < 0. 0
0’70 0 0
0

LEMMA 6.8. Let ¢ and ¢ be nontrivial solutions of (6.1) with eigenvalues A
and y, respectively, such that ¢(0) = ¢(m) =0, ¢(x) > 0 on (0O,m, and
Y(x) > 0 on [0,7]. Then X > u.

PROOF. We have the equalities

™
Y(0)4'(0) =~ Y(m)o'(m) = v'¢d - ¢¢'] =
0

It
o—3

m
(Y"¢-po™)dx = (A-u) f Vo dx.
0
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m
Now use ¢'(0) > 0, ¢'(m) < O, J Y¢ dx > 0. [0
0

For fixed g let A denote the smallest eigenvalue of the Neumann prob-

o

lem (6.1), (6.3) and uo the smallest eigenvalue of the Dirichlet problem
(6.1), (6.2).

LA 9. < .
COROLLARY 6.9 AO uo

PROOF. Apply Lemma 6.8. []

THEOREM 6.10. We have
m
. -1
inf{g(x) | 0 < x < 7} < Ag ST q dx.
0
The equality signs hold if and only if q is constant.
PROOF. If the first inequality were not to hold in a strict sense then

q - AO > 0 on [0,7]. Hence
w"(x) = (q(x)—AO)w(x) 2 0 on [0,7]

and w"(x) > 0 except if q(x) = AO. Since w'(0), w'(m) = 0, it follows that
w"(x) = 0, g(x) = AO. For proving the second inequality use Theorem 6.5
with constant f. Here, the equality sign holds if and only if ¢O is con-

stant, i.e. g(x) = AO again. [

7. FURTHER STABILITY AND INSTABILITY CRITERIA FOR EQUILIBRIUM SOLUTIONS OF
PROBLEM (3.1)-(3.3)

In parts (b) and (c) of Theorem 5.3 v was required to be an isolated
equilibrium solution. The following theorem gives sufficient conditions for

v to.be isolated.

THEOREM 7.1. Let v ¢ B' n c2([0,11) satisfy

(7.1) v" + f£(x,v(x)) =0
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If 0 Z8 not an eigenvalue of the problem
1 2
(7.2) w" + (fy(x,v(x))+A)w =0, weB nc([o,m]),

then the equilibrium solution v is isolated.

PROOF. First, suppose that v(0) = 0 = v(m). Let a, = v'(0) and define
v(x,a), a € R, as the solutioq of (7.1) such that v(0,a) = 0, vx(O,a) = a.
Let w(x,a) := va(x,a). Then w(.,a) satisfies (7.2) with A = 0 and

w(0,a) = 0, wX(O,a) = 1. If 0 is not an eigenvalue of (7.2) with

v(x) = v(x,ao) then va(w,ao) = w(ﬂ,ao) # 0. Hence v(m,a) # 0 if a # ao and

a is in a certain neighbourhood of a_. For these values of a, equation (7.1)

0
has no solution satisfying the boundary conditions. Hence, v(.,ao) is an
isolated equilibrium solution. The case of Neumann boundary conditions is

proved in an analogous way. [J

Let X and Y be subsets of BO and Bl, respectively, with the properties

specified in Section 5.

THEOREM 7.2. Let v € Y be an equilibrium solution of problem (3.1)-(3.3).
If the smallest eigenvalue Ao of (7.2) is positive, then v is asymptotically
stable.

PROOF. By Theorem 7.1, v is isolated. It follows from Theorem 6.7 that
(5.5) holds for some a > 0. Now apply Theorem 5.3(b). [

THEOREM 7.3. Let v be an interior point of Y considered as a subset of Bl,
and let v be an equilibrium solution of problem (3.1)-(3.3). If the smallest

etgenvalue AO of (7.2) is negative, then v is unstable.

PROOF. It follows from (6.9) that QV(¢0) < 0. If 0 is not an eigenvalue of
(7.2), then application of Theorems 7.1 and 5.3(c) proves that v is un-
stable. Now suppose that O is an eigenvalue of (7.2) and that v is not an
isolated equilibrium solution. Before completing the proof we first need

a lemma.
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LEMMA 7.4. Let v be an equilibrium solution of problem (3.1)-(3.3) and let
the smallest eigenvalue A of (7.2) be negative. Then in a certain neigh-
bourhood of v each equzlzbrzum solution w of problem (3. 1)-(3 3) has the
property that w-v changes sign on (0,T).

PROOF. Suppose that the conclusion of the lemma is wrong. Then there is a
sequence cf equilibrium solutions {v+w } tending to v and such that w or

—w is nonnegative on (0,w) but not identically zero. From (7.1) and the

fact that

(V+¢m)" + f(x,V(X)+wm(X)) =0,
we have

L fy(x,v(x))wm + gm(x) =0,

where gm(x) = o(lwm(x)l) as m > @, uniformly in x on [0,7n]. On the other

hand, we have

¢0" + fy(x,v(x))d>o + X0¢0 = 0,

where ¢O is the eigenfunction corresponding with AO. Since wm and ¢O satisfy

the same boundary conditions, it follows that
m
J ¢0(gm—Aowm)dx = 0.
0

Hence
™
f ¢0Wm(lo+0(1))dx =0 as m > o,
0

Because ¢0 > 0 on (0,m), it follows that wm = 0on [0,7] for m sufficiently

large. This is a contradiction. []

PROOF of THEOREM 7.3 (continued). Suppose that v is stable. Let ¢ be as

above. It follows from Theorem II.1.9 or Lemma 9.2 that ult, v+r¢01 > v on

[0,7] if £t 2 0, ¢ > O. Hence, the stability of v together with Theorem
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4.4(a) shows that for each neighbourhood U of v there exists ¢ > 0 such that
if 0 < ¢ < §, then Y(v+c¢0) is bounded in X and w(v+c¢o) consists of equi-
librium solutions w € U such that w > v on [0,7]. If ¢ is chosen small

enough, then, by Lemma 7.4, uft,v+c¢03 tends to v as t » ». However, it

follows from (5.6) and Theorem 6.5 that

V(v+c¢0) = V(v) + %czko + o(cz) < V(v)

for sufficiently small c¢ < 0. This is in contradiction to the fact that

u[t,v+c¢0] tends to v. [

THEOREM 7.5. Let v € Y be an equilibrium solution of problem (3.1)-(3.3).
If fy(x,v(x)) < 0 on [0,7], where, in the Neumann case, the equality sign
does not hold for all x, then v is asymptotically stable.

PROOF. Use Theorems 7.2 and 6.10 and Corollary 6.9. 0

THEOREM 7.6. Let v be an equilibrium solution of the Neumann problem (3.1)

and (3.3), and let v be an interior point of Y considered as a subset of Bl.

If

fy(x,V(x))dx > 0 or if

£ (x,v(x))dx = 0, £ (x,v(x)) £ 0, then
y y

oOt——3 O—d

v 18 unstable.

PROOF. Use Theorems 7.3 and 6.10. [

8. THE INSTABILITY OF NONCONSTANT EQUILIBRIUM SOLUTIONS WHEN f DOES NOT DE-
PEND ON Xx.

Here we consider problem (3.1)-(3.4) with f(x,u) = f£(u) not depending

on x. In that case, if v is an equilibrium solution and w := v', then
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(8.1) w" + £'(v(x))w = 0.

Hence, if v is nonconstant, then v' is a nontrivial solution of (7.2) with
A = 0.

THEOREM 8.1. Let v be an equilibrium solution of the Neumann problem (3.1),
(3.3). Let v be an interior point of Y c Bl. ret f not depend on x. If v is
nonconstant on [0,n], then v is unstable.

PROOF. Let w := v'. Then w Z 0, w(0) = w(m) = 0, and w satisfies (8.1). It
follows from Corollary 6.9 that the smallest eigenvalue of (7.2) with Neu-

mann boundary conditions is negative. Now apply Theorem 7.3. []

A version of this theorem was earlier proved by WILLEMS & HEMKER [7]
and CHAFEE [3].

THEOREM 8.2. Let v be an equilibrium solution of the Dirichlet problem
(3.1), (3.2). Let v be an interior point of Y c Bl. Let £ not depend on x.

If v is nonconstant on [0,m] and has at least one zero on (0,m), then v is
unstable.

PROOF. Let w := v'. Then w'(xl) = w'(x2) = 0 for certain xl, x2,
0 < X, < Xy <m, and w Z 0 on [xl,xz]. Furthermore, w satisfies (8.1). It
follows from Lemma 6.8 that the smallest eigenvalue of (7.2) with Dirichlet

boundary conditions is negative. Now apply Theorem 7.3. [J]

See CHAFEE & INFANTE [2] for this theorem. They also prove that for
certain choices of £, nonconstant stable equilibrium solutions of the

Dirichlet problem exist, which have constant sign on (O,m).

9. APPENDIX ON NONLINEAR PARABOLIC INITIAL BOUNDARY VALUE PROBLEMS

In chapter II, the existence of solutions of (3.1)-(3.4) was proved by

first showing (in Section II.3.2) that solutions exist for the integral

equation
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(9.1) ulx,t) = (E[t] * ) (x) +

(E[t-Tt] * £ [7,u]) (x)dt,

+
N O———t

x < m, 0

IA
o+
IA
8

In this equation, which is analogous to (2.3), the following notation is

used:
(9.2) flt,ul(x) := £(x,u(x,t)),

$ and E[t,u] denote 2m-periodic continuations to R of ¢ and £[t,u], respec-

tively, which are odd in case of (3.2) and even in case of (3.3),

2
(9.3) E[t](x) := exp (- 5—0, t>0, x € R,
2/mt 4t
and
(9.4) (E[t] =* g)(x) := J E[t](x—E)S(E)dg.

—o0

Remember (cf.(II.3.5) and (II.3.10)) that

(9.5) VECtIxgl < lgl,
and

2 3 -}
(9.6) "§§ (E[t]*x¢) I < (wt) 2lol.

LEMMA 9.1. Let r,>r> 0. Then there exists s > 0 such that for each ¢ € BO

withbﬂ¢ﬂo < r the equation (9.1) has a unique solution u e c([0,w]x[0,s])

with |u(x,t)| < r, on [0,n] x [0,s].

1

PROOF. Let Mo and M1 denote the suprema of |f(x,y)]| and Ify(x,y)l, respec-
tively, on [0,7n] x [—rl,rlj. Let s := min{MO'l(rl—r), £M1‘1}. Let W be the
class of all u € C([0,m]x[0,s]) such that |u(x,t)] < r1 on [O0,7] x [0,s],

and let "u"w be the sup-norm for u € W. Fix ¢ ¢ B with "¢“0 < r and define

for u € w:
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t
(Au) (x,t) := (E[t]*$) (x) + j (E[t-r]*z[T,u])(x)dT.
0
Then Au is continuous on [0,7] x [0,s] (cf. section II.3.1) and
laul < ol + <r+ <
u W ¢ 0 tM0 r sM r
Hence Au € W. Furthermore, if u, v € W, then
— — — 1 -
Il au Av"W < tMluu v"w < leﬂu v"w < il v"w.

Hence A is a contraction on the complete metric space W. It follows that A

has a unique fixed point on W. [J

It was proved in Section II.3.3 that if u € Cc([0,m]x[0,s]) satisfies
(9.1), then uosu ut are continuous on [0,w1x(0,s) and u satisfies (3.1)-

(3.4).

PROOF of THEOREM 3.2. We already know that for each ¢ ¢ BO the mapping

t > ult,¢] is continuous from [0,s(¢)) into BO. Next, fix ¢ € Bo and choose
T, O <T < s(¢), and €, € > 0. It is sufficient to prove that there exists
8§ > 0 such that if ¢ € BO, Ihp-cpHO < 6§, then T < s(y) and

"u[t,¢]-u[t,w]"0 < e for 0 £ t < T, Let

r := sup lult,¢ll + ¢
0<t<T

and choose r, > r. Let MO, M1 and s be as in the proof of Lemma 9.1. Choose
Y, X € Bo such that Iyl, Ixl < r. Then Lemma 9.1 ensures that ult,y] and
ult,x] exist on [0,s]. Let lul.,pl-ul.,x]l denote the supremum of
lalt,pI-ult,xI! on [0,s]. Then it follows from (9.1) that

Tul.,¢J3-ul., x3 < lyp-xI + M slal.,yJ-ul.,x]
Ty=xl + 4 Bal.,pl-ul.,x]0.

IA

Hence, lul.,yJ-ul.,x]l < 2ly-yl. Choose a positive integer n such that

ns > T, and let § := 2 "¢. Then it follows by iteration that for each ¥ € B0
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with ly-¢l < 6 we have T < s(y), lult,yIl €< r on [0,T], and
lalt,pIl-ult,$1l < € on [o,T]. O

PROOF of THEOREM 3.3. We already know that for each ¢ ¢ BO the mapping

t > ult,$] is continuous from (0,s(¢)) into Bl. Next fix ¢ € B0 and choose
T and Tl' 0 < T1 < T < s(¢), and €, € > 0. It is sufficient to prove that
there exists 8§ > O such that if ¢ e'BO, Ty-¢ll < &, then

) 5 9
"3; ult,d] ™ ult,pll < ¢ for T, <t <T.
It follows from (9.1) that
t
3 ~ 3 >
(9.7) ux(x,t,¢) = EE(E[tJ*¢)(x) + j 5;(E(t-r)*f[T.u])(x)dT.
0
Let r := sup{lult,$I! + 1 | 0 < t < T} and let M be the supremum of

lfy(x,y)! on [0,7] x [-r,r]. Let 0 < €, < 1. By Theorem 3.2 there exists

1
§ > 0 such that if ¢ € BO, ly-¢l < &, then lult,pIl-ult,sIl < £ for
0 <t <T. It follows from (3.14) that for 0 < t < T, ¢ € BO, ly-¢ll < 6, we

have

2
9x

12 ule, 00 2 ule,wI < v b gy 4

A

_1 _1
+ | w 2Mel(t—'r) ‘4t <

N Ot

I

- -1
™ T, 751(1+2MT),

for T1 < t £ T. By choosing ¢

less than €. [

1 small enough this last expression becomes

PROOF of THEOREM 3.4. This follows from Lemma 9.1 and formulas (9.7) and
(9.6). I

PROOF of THEOREM 3.5. Let § > 0 and 0 < t1 < t2 < s(¢). There exists a se-

quence of c”-functions {vn} on [§,m-8] x [tl,t2] such that v,

(vn)x > ux,(vn)xx YU (vn)t > u, as n >, uniformly on [§,m=-86] x [tl,tz].
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For Y ¢ C ([§,7-8]) define

m=8 P (x)
Vo) = J (3o (x) %= £(x,y) dy) dx.
§ 0
Then for t1 < t < t2 we have

d -
ax VG(Vn("t)) =

=3

((vn)x(vn)xt-f(x,vn(x,t)) (vn)t)dx

-8 m=6

]
SANCANE (V) e + EG,v_(x,8))) v, ax,
5 5

which tends to

1
uu J (uxx+f(x,u(x)))utdx =
8 $

as n > «®, uniformly in t, t1 <t < t2. Since V5(Vn("t)) > Vs(u(.,t)) as

n > @, it follows that v, (u(.,t)) exists and equals

m=-§

=8
2
uxut ] - J ut dx.
8

s

By using a similar argument we let § + 0 and conclude that é%v(u(.,t))

exists and equals

udx. [

Ol
t N

Ot—3

L
2
- J utdx = -
[¢]
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In CHAFEE & INFANTE [2], CHAFEE [3], and in Section 1.7, Theorem 3.5
2
was only proved under the stronger assumption that f € ¢ ([0,wm] x IR), thus

ensuring that u, € c((0,m) x (O0,s(¢)).

t

.

LEMMA 9.2. Let f be once continuously differentiable on [0,m] x R. Let
s > 0. Let u and v be continuous on [0,w] x [0,s) such that u v, are
continuous on [0,m] x (0,s) and Upper Upr Voor Vv, are continuous on
(0,m) x (0,s). If

vxx - vt + f(x,v) < uxx- ut + f(x,u), 0O<x<mw, 0< t<gs,
v(x,0) =2 u(x,0), 0O<x<m,
vx(o,t) < ux(O,t), 0< t<s,
> <
vx(ﬂ,t) ux(ﬁ,t), 0 t < s,

IA
o+
A
2

then v(x,t) 2 u(x,t), 0 < x <7, O

PROOF. Apply Theorem II.1.5 in a similar way to the proof of Corollary
1r1.1.8. 0O

LEMMA 9.3. Let ¢ € 80 such that the orbit {ult,$] | 0 < t < s(¢)} <s bounded
. 0
in B . Then s(¢) = =.

PROOF. Apply Lemma 9.1. [J
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VvI. MATHEMATICAL ASPECTS OF A MODEL CHEMICAL REACTION WITH DIFFUSION

1. INTRODUCTION

The mathematical aspects of a specific nonlinear chemical system which
allows more than one steady state for certain values of a parameter are in-
vestigated. This system was introduced by PRIGOGINE (see GLANSDORFF &
PRIGOGINE [1]). It is not assumed to describe a known real chemical reac-
tion; rather, it should be regarded as a model problem for biochemical sys-
tems in which spatially nonuniform stable steady states are possible. Such
configurations can only arise in open systems operating far from thermody-
namic equilibrium. They are usually called dissipative structures. Prigo-
gine's model system deals with a reaction of the type A + B> D + E, and

consists of the following steps

A > X,
2X + Y - 3%,
(1.1)
B+ X>Y+D,

X > E,

where X and Y are intermediate reactants, and A,B,D and E are initial and

final products whose concentrations are imposed throughout the system.
Before formulating the mathematical problem that describes the reac-

tions (1.1), we first give some attention to the physiochemical concepts

that are involved.

DEFINITIONS i.1. Any collection of chemicals in a given constant volume is

called a chemical system. If a system exchanges matter or energy with its
surroundings it is called an open system. A system is described by a number
of so-called state variables, which may depend on time and place. The state
of a system at a given time is defined by the values of all state variables
at that time.

A system is said to be in steady state when the state variables are in-
dependent of time.

A steady state is called (spatially) uniform, if there are no spatial

variations; in that case the state of the system is completely determined
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by the values of the state variables at a single point of the system.

In general it is assumed that the state of the chemical system (1.1) is
completely determined by the values of one thermodynamic state variable and
the concentrations of the chemical components. The thermodynamic variable is
chosen to be the temperature.

All reactions occurring in (1.1) are assumed to be irreversible, which
means that the reverse reactions are neglected. Moreover, we make the hypo-
thesis that temperature variations are also negligible; this means that the
rate constants of the reactions (1.1) are temperature independent. For the
sake of simplicity we choose them to be equal to unity.

A further hypothesis on the system (1.1) will be that in some way
the concentration of B is maintained uniform and time-independent at some
value. Consequently, B will only appear parametrically in the mathematical
description of (1.1). The last hypothesis we make is that the chemical
system has a finite volume, and that it is possible to describe it by a
one-dimensional space variable r, which, again for simplicity, we will as-

sume to range over values between 0 and 1.

The reaction-diffusion equations

The chemical system we are considering is subject to two mechanisms: a
physical one, diffusion of molecules, and a chemical one, reaction between
molecules. In the equations below the first of these is reflected in a fam-
iliar diffusion term for each reactant. The amount of the component A that
disappears in a unit of time because of the first reaction in (1.1) is pro-
portional to the amount there is at that moment. This explains the term - A
in the first equation below (remembe; that all rate constants are chosen to
be equal to unity). In the case of a reaction between two or three mole-
cules, the amount of the component that is produced by the reaction in a
unit of time is proportional to the product of the concentrations of the
components involved in the reaction, which is known as the law of mass ac-
tion. Therefore, in the equations describing the variations with time of the
concentrations of X and Y, a third degree term in the concentrations of X
and Y occurs, as well as a term consisting of the product of the concentra-
tions of B and X.

Denoting the concentrations of each reactant by the same letter as the
reactant itself, the considerations above lead us to the following mass con-

servation equations:
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r. 2
oA _ 2%,
3t~ AT 2 '
Jr
3% 3%x 2
= = —_— - X
5t = Px 3 (B+1)X + X°Y + A,
axr
Y 32Y 2
. == = D_—r - X
(1.2) ﬁat D~ + BX Y,
or
2
9D 3°D
Fr e T
dr
2
3E _ _ 3°E
e - E_ 2t X
or
where DA, < DY' DD and DE are the respective diffusion constants.

HYPOTHESIS 1.2. Observe that the equation for A(r,t) can be solved first. If
we assume that, compared with the other reactants, A diffuses rapidly
through the medium, i.e. that DA is fairly large, then A rapidly reaches its
steady state A(r). Then the first equation can be left out, because A is a

known function satisfying

(1.3) D

2
3a _
L5 - A=0.

or

In this chapter we shall always assume that the above assumption holds.

Under Hypothesis 1.2 our chemical system is governed by the partial

differential equations

2

X _ 97X 2
E_Dl arz,— (B+1)X + XY + A,
(1.4)
2
3y _ oY 2
3t D2 5 + BX Xy,
or
where we have written D1 = Dx and D2 = Dy, and where
‘% 1 1 —£
(1.5) A(r) = Aocosh(DA (r-i))/cosh(iDA ).
is the solution of (1.3) which satisfies A(0) = A(l) = A



168

Sometimes in the description of chemical systems the effect of diffu-
sion is neglected, in which case one has to deal with a far easier system
of ordinary differential equations. From a chemical point of view, neglect-
ing the diffusion means that the reactions take place in an ideally stirred
reactor. Obviously one then cannot ever get a spatially nonuniform distrib-
ution of a reactant. Since we are especially interested in nonuniform dis-

tributions, we are obliged to take the diffusion terms into account too.

HYPOTHESIS 1.3. For much of this chapter we shall be particularly interested
in the case where A and B are uniformly distributed and time-invariant, that
is

(1.6) A(r,t) = Ao >0 and B(r,t) = B0 >0 for 0 <r <1, t =20.

There is, however, no need to be so restrictive in our assumptions on
A and B to be successful in establishing the existence and nonnegativity

of a solution of (1.4). To this end we only have to make the following

requirements:

(1.7) A(r,t) = A(x¥) > 0 and B(r,t) = B(r) 2 0 for 0 <r <1, t =0;
(1.8) A(0) = A(1) = AO, B(0) = B(1) = BO;

(1.9) a(+), B(+) e cr0,11 n c(0,1).

The latter means that A and B are continuous in the closed interval and in-
finitely differentiable in the open interval. Infinite differentiability is
not needed for the mathematical argument in this chapter (differentiability
to some order would have been sufficient), but for physical and chemical

reasons it would not make sense to be so specific about the data on A and B.

When A and B are constant throughout the system, (1.4) admits a solu-

tion
\ Wi LN = A = w P -V
{(1.10) Alr,Cc) = A = no, \r,c) = b/A = DO/AO,

for all r and t. This solution represents the thermodynamic equilibrium of
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the system. In order to avoid spurious boundary layer effects, in view of

(1.10) we impose the boundary conditions

[

X(0,t) = X(1,t) = A_,
(1.11) 0
Y(0,t) = Y(1,t) = BO/AO, t > 0.

To get a well-posed mathematical problem, we also need the initial con-

ditions

(1.12) X(r,0) = Xo(r), Y(x,0) = Yo(r), 0<r < 1.

This chapter is devoted to the analysis of the initial boundary value
problem given by (1.4), (1.7)-(1.9), (1.11) and (1.12). In Section 3 we
prove the existence of a solution (X(xr,t), Y(r,t)) in the neighbourhood of
t = 0 by constructing a Green's function for the parabolic differential op-
erator and using the standard methods for parabolic equations given in Chap-
ter II. If the mathematical description is to be consistent with the chemi-
cal model, the values of the concentrations of X and Y may not become nega-
tive. In Section 4, therefore, it is shown that any solution of the reac-
tion-diffusion equation obeying nonnegative initial and boundary conditions
remains nonnegative for all time. The proof is based on a maximum principle
for weakly coupled parabolic systems.

Sections 5-9 deal with the existence of a nonnegative solution of the
reaction-diffusion problem for all time. This question is of importance,
since we are, after all, especially interested in steady state solutions
that are attained for t + =. After summarizing some mathematical prelimin-
aries in Section 6, we construct approximate weak solutions by means of the
Faedo-Galerkin method. This method is not so widely known, but is of great
impértance inrthe analysis of nonlinear evolution problems. For this reason
we pay a great deal of attention to the method in Sections 7 and 9. This
method essentially makes use of a priori estimates for the solutions of the
evolution problem at hand; for our reaction-diffusion problem these esti-
mates are derived in Section 8.

In the remainder of this chapter we study the steady state solutions of

the problem, and their dependence upon the concentration B. The existence and
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uniqueness of a steady state solution for small nonnegative values of B is
proved in Section 10. In Section 11 the linear stability of the steady state
solutions (1.10), for a fixed constant value of A, is analyzed for varying
values of B, B also being time and place independent. For any nonnegative
B the solution (1.10) is said to lie on the thermodynamic branch. For B
smaller than a certain critical value Bc, solution (1.10) is stable, and
the system is in thermodynamic equilibrium. As B passes Bc, solution (1.10)
becomes unstable. Near Bc' there exist either spatially nonuniform steady
state solutions or time periodic solutions. This is the subject of Sections
11-13. The existence of such solutions branching off the thermodynamic
branch at B = Bc is the most important feature of the model, and its pos-
sible biological implications have initiated an interesting discussion in
the literature.

In Section 14 we let A be dependent on r as given in (1.5). It is
shown that the (spatial) nonuniformity in A may lead to steady state sol-
utions with a nonuniform behaviour, located in a restricted subdomain not
imposed by the position of the boundary of the medium.

This phenomenon of localized dissipative structures is an indication
that Prigogine's model may help us to understand the mechanism of differen-
tiation in developing systems, which has become well-known under the term
morphogenesis. This topic is nowadays one of the major issues in theoretical
biology. It became a subject of general interest after a study by TURING
[2], in which a linear diffusion-reaction model was used to demonstrate
the existence of nonuniform structures. Although Turing's model had cer-
tain shortcomings, it opened the way to a new vision in the matter of
morphogenesis, which attracted quite a lot of attention amongst biologists
and mathematicians. For this reason in Section 2 we give a model borrowed
from ROSEN [3], which is illustrative for Turing's approach.

In this chapter we largely follow the paper of AUCHMUTY & NICOLIS [4].
We shall also use results from LIONS [5], AUCHMUTY & NICOLIS [6] and BOA &

COHEN [7].
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2. A SIMPLE EXAMPLE OF SPATIAL ORGANIZATION

Consider two identical boxes I and II separated by an impermeable wall,
both containing chemicals U and V in a nonreacting solvent; again, we shall
denote the concentration of a chemical reactant by the same letter as the

chemical itself. Suppose that in each box the concentrations U and V satisfy

du _

Fra 50 ev + 1,
(2.1)

av

— = -7V + 1.

ac 6U \% 1

The transformation

brings the critical point (U,V) = (1,1) to the origin. One gets
dau’ .
— I - Vl
ac 50 6
(2.2) a
! A
_— = - 7V'.
dt 6u

Obviously, the origin in the U', V'-plane is the only critical point, and it
is a stable node. So far, nothing of interest has shown up. But now let the
separating wall between box I and box II be permeable in the following man-
ner: the diffusion of U and V between I and II is proportional to the dif-
ference between the concentrations of U and V in the boxes. We must now dis-
tinguish the concentrations of U and V in box I, U, and V_ , from those in

1 1

box II, 02 and V2. The equations describing this situation become
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] L L}
—= = 5U, - 6v1 + a(Uz-Ul),

|

1 ' ]
ETS 1 7V1 + b(V2—V1),
(2.3) < .

[
ul
a

I

' [
6V2 + a(Ul“Uz)p

]
)}
[

|

L] ] ]
TS 9 7V2 + b(Vl—Vz).

By an appropriate choice of the constants a and b, giving the nature of the
permeablllty of the wall for each of the two chemicals, the origin in the
(Ul’ Vl' U2, V ) - space'becomes an unstable critical point.

The varlables Ul’ V1’ U2, V2, describing the state of the system, re-
main in a bounded region  of R4 , because the system we are considering in
this section is supposed to be closed - that is, there is no inflow or out-
flow of matter. Notice that this is quite a different situation from the
one we came across in Section 1, where the system is open, and where there
is an incessant inflow of A and B and a similar outflow of D and E.

If the system (2.3), w1th an appropriate choice for a and b, is per-
turbed, as time increases U ’ V .will evolve from the origin along a cer-

tain orbit, until the boundary of 9 is reached in a point P. This final

state is asymmetric: spatial organization has occurred.

3. THE EXISTENCE OF A SOLUTION OF THE EVOLUTION EQUATIONS IN THE NEIGHBOUR-
HOOD OF t = 0

The techniques given'in Chapter II are sufficient to establish the
existence of a solution on an interval 0 < t < s, for some positive s, of
our initial boundary value problem for the reaction-diffusion equations,
(1.4), (1.7)-(1.9), (1.11) and (1.12).

The standard approach to problems in which both boundary and initial

conditions occur is to introduce new dependent variables such that the bound-
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ary conditions of the new problem become homogeneous. So, we define

(3.1) x(r,t) X(r,t) - AOr

y(r,t) Y(r,t) - B(r)/AO-

]

Substituting (3.1) into the reaction-diffusion equations (1.4), we obtain

-

X 32x 2

5? = D1 ;2— + (B(r) - 1)x + Aoy + h(x,y) + A(xr) - AOI
(3.2)

) 32 2

5% =D, ——% - B(x)x - Ay - hix,y) + b(x),

dr

where h(x,y) reflects the nonlinearity of the problem,
-2 2
(3.3) h(x,y) = B(r)A0 X + (2A0+x)xy,

and where
P2 a%B(x)

AO dr2

(3.4) b(r) =

The boundary and initial conditions after substitution read

(3.5) x(0,t) = x(1,t) = y(0,t) = y(1,t) =0, t 20,
and

x(r,0) = x (r) :=X (r) - A,
(3.6) 0 0 0

v(r,0) = yo(r) = Yo(r) - B(r)/Ao, 0<r<1.

After this preparatory work we are able to give a theorem on the exis-
tence of a solution of the nonlinear parabolic initial boundary value prob-
lem (3.2)-(3.6) in the neighbourhood of t = 0, and hence of the original
problem.

THEOREM 3.1. There exists a positive s such that the equations (3.2) have a
solution (x(r,t), y(r,t)) defined on (0,1) x (0,s) that obeys the boundary
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conditions (3.5) and the initial conditions (3.6) If the initial data xo(r)
and Y, (x) are infinitely differentiable for 0 < r < 1, then the solutions
x(r,t) and y(r,t) have the same property for (r,t) e (0,1) x (0,s).

PROOF. The equations may be written in the form

9 3 .
3% D1 ;;3‘ 0 x(r,t) tl(r, x(x,t), yl(r,t))
(3.7) , 2 = ,
9 .
0 3% -0 3 y(r,t) fz(r, x(r,t), y(r,t))
or
with
fl(r,x,y) = (B(r)-1)x + A 2y + h(x,y) + A(xr) -2,
(3.8) 0 0

f2(r,x,y) -B(r)x - Aozy - h(x,y) + b(r).
There is no essential difference from the situation in which one has only
one differential equation. In the same way as in Section II.3, one con-
structs a Green's function, now having the matrix form
Gi(r,t) 0
G(r,t) .
0 Gz(r,t)

Furthermore, it can easily be seen that f1 and f2 and the initial conditions
xo(r) and yo(r) satisfy conditions analogous to those of case (a) of Theorem
II.3.4. So, the existence of a distributional solution of the initial bound-
ary value problem on an interval (0,s), for a certain positive s, is guaran-
teed by a theorem of the same form as Theorem II.3.4 for a system of partial
differential equations. From the regularity theory given in Section II.3,
particularly Corollary II.3.6, it may be concluded that this solution is a
classical one, and also that x(r,t) and y(r,t) are infinitely differentia-

ble. [

REMARK 3.2. Note that we have only found a solution on an interval (0,s) for
a certain positive s. Of course, we wish to prove that there exists a solu-
tion for all time. The technique given in Chapter II, however, fails, be-

cause our right-hand sides £, and f_ do not satisfy the crucial ineqguality



VI. CHEMICAL REACTION WITH DIFFUSION 175

sup{|f(r,u)|, 0 < r <1, ue R} < K(1+|ul),

which is the same inequality as (II.3.26), with t and p left out since they
do not occur in our case. The existence of a solution for all time is estab-

lished by a quite different method, as we shall see later on.

4. THE NONNEGATIVITY OF SOLUTIONS

X(r,t) and Y(r,t) are concentrations of chemical components, so from a
chemical point of view they have to remain nonnegative. If the mathematical
model is to be sensible, we must be able to show mathematically that if the
initial concentrations are nonnegative, the solutions also have this prop-
erty. The proof of this is based on a maximum principle for weakly coupled
parabolic systems (see PROTTER & WEINBERGER [8, p.188 ff]). We shall begin
this section with a discussion of this version of the maximum principle. The
formulation will be adapted to our needs.

Let there be given k parabolic operators defined by

2
9 v .

(4.1) L,v = a (r,t) ——% - T 0<r<1, 0<t<T, 1<ick.
or

Here we assume that the ai(r,t) are continuous functions, and that

(4.2) ai(r,t) >§ >0 for all 0 <r <1, 0<t<T, 1=<1ic<Kk.

In fact, (4.2) means that the operators L. are untformly parabolic.
The system of parabolic inequalities for which we need a maximum prin-

ciple has the form
k
' > i =
(4.3) Lju, + jZl hygUy 20 i= 1k

This system is called weakly coupled because it is only coupled by terms
which are not differentiated. The elements hij(r’t) may be arranged in a
k x k-matrix H. We make the additional hypothesis that the off-diagonal el-

ements of H are nonnegative, i.e.
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(4.4) hij(r,t) 2 0, i#3, i,3j=1,...,k.

By the notation u < 0 it is meant that each component ui of u = (ui,...,um)

is nonpositive.

THEOREM 4.1. Suppose that u satisfies the uniformly parabolic system of in-
equalities (4.3) in (0,1) x (0,T). If, moreover, u < 0 on the boundary of
the square (0,1) x (0,T) with the exception of the top, Z.e.

u(r,0) < 0, 0<r<i1,
and
u(0,t) < 0, u(l,t) < o0, O<t<rmT,

and if the elements hij satisfy (4.4), then u < 0 in [0,1] x [0,T). In add-
ition, If u, = 0atan interior point (ro,to), then u, (r,t) =0 for t < ty-

PROOF. See PROTTER & WEINBERGER [8, p.189]. O

Now consider the semilinear system of parabolic equations

2
Bui 9 u,
(4.5) T = ai(r,t) 3r2 + ci(r,t,ul,...,uk), 1 <i <k,

where again we assume that 0 < r < 1, 0 < t < T, that ai and ci are contin-

uous, and that the a; satisfy (4.2). Suppose that the initial values
(4.6) ui(r,O) = uOi(r), 0<r«<i1,

are given and that the boundary values

(4.7) ui(O,t) = di(t), ui(l,t) = Si(t),

are also prescribed. Finally, we hypothesize that the coefficients c, are

of the form
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I A

(4.8) ci(r,t,u)'=

c,.(xr,t,u)u, + c, (r,t,0),
j 1] J 1

1
where u = (ul,...,uk). Then one has the following theorem, taken from

AUCHMUTY & NICOLIS [4].

THEOREM 4.2. Suppose that u: [0,1] x [0,T) - R is a classical solution of
(4.5)-(4.8) . Assume that the following five conditions are satisfied for all
i,j=1,...,k, 0<r<1, 0<t<T, and all u ¢ mk:
(i) uOi(r) > 0;
(1) o (), Bi(t) 2 0;
(ili) C,. (rltlu) < 0;
1l
(iv) cij(r,t,u) > 0 whenever i # j;
(v) ¢ (r,t,0) 2 0.

Then ui(r,t) >0 on [0,1] x [0,T) and for i = 1,...k.

PROOF. Let L be the operator defined by (4.1). From equation (4.5) and con-
- i

dition (v) one sees that
Lu, + ci(r,t,u) - ci(r,t,O) <0,

or

=
[+
+
I o~ &

c,.(r,t,u)u, < 0.
1] J

j=1

Now it is possible to apply Theorem 4.1, replacing u by -u. One gets

—ui(r,t) <0 for all i,r,t. [

The nonnegativity of the solution of our system is an immediate con-

sequence of this theorem.

THEOREM 4.3. Suppose that for 0 < t < T, T arbitrary, (X(r,t), ¥(r,t)) 28 a
solution of the initial boundary value problem for the reaction—diffusion
equations given in Section 1, and that the initial conditions Xo(r) and Yo(r)

are nonnegative. Then
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X(r,t) 20 and Y(r,t) 20 for 0 <r<1, 0<t<T.

PROOF. Apply Theorem 4.2 with k = 2 and

a,(r,t) =D,,
1 1
cl(r,t,x,Y) = A(r) - (B(r)+1)X + X2Y,

cz(r,t,X,Y) = B(r)X - X2Y,

al(t) Bl(t) BO/A0 2 0,

]
i
A\

az(t) = Bz(t) 0.

0

It is easily seen that our system has all the required properties. [J

REMARK 4.4. Using Theorem 4.2, one can prove that the parabolic problem
(4-5)-(4.7), and hence our reaction-diffusion problem, allow at most one

solution.

5. SOME PRELIMINARY REMARKS ON THE EXISTENCE OF A SOLUTION OF THE EVOLUTION

EQUATIONS FOR ALL TIME

Until now we have only shown the existence of a solution on an interval
(0,s) for a certain positive s, the value of which is determined by the pro-
cedure described in Section 3. Since we are, after all, especially inter-
ested in stationary solutions, we must convince ourselves that a solution of
the evolution equations exists for qll time. Achieving this conviction will
be a rather cumbersome affair. Among others, we shall essentially need the
Sobolev space topologies.

We are looking for solutions, for all time, of the parabolic system of
equations (3.2). Observe that the nonlinearity of the problem is wholly re-
flected in the term h(x,y) occurring in both equations. By a simple trick,
namely by adding the two equations (3.2), we can locate the nonlinearity of

the problem in one of the two equations. Set

w(r,t) = x(r,t) + y(r,t);
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then the equation for w becomes linear. The system of equations we are going

to consider is

2 2

w_ 9w py oY _ _
Bt—Dl 2+(D2D1) > w+y + A(r) Ao+b(r),
or or
(5.1)
P 52w 2
5% =D, — - B(x)w + (B(x)-AQ)y - g(w,y) + b(r),
or

for all t > 0, where the nonlinearity term is

- 2 2 2
(5.2) g(w,y) = B(r)AO 1(w—y) + (w-y+A0) Y - Ay Y-
To save ourselves the trouble of too lengthy formulas, we shall write (5.1)

in the form

W 82w 321
st—:- = D1 —-5 + (D2—D1) 5 + F(w,y) + a(x),
or ar
(5.3)
) 32
Y -p 2¥ ., G(w,y) + blx), 0<r<1, 0<t<wm,
it 2 2
or
where F is the linear expression
(5.4) F(w,y) = -w + Yy,
G the nonlinear expression
(5.5) G(w,y) = -B(xr)w + (B(r)—Aoz)y - g(w,y),
and
(5.6) a(r) = A(r) - A_ + b(r).

0

Observe that G is a polynomial of the third degree in w and y, with coeffi-

cients depending on r that are infinitely differentiable with respect to r.

The boundary and initial conditions for w follow from those for x and

y. For the sake of easy reference, we give them all here:

(5.7) w(0,t) = w(l,t) = y(0,t) = y(1,t) =0, 0 <t < o
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w(x,0) =w. (r) :=x (r) +y_ (r),
(5.8) 0 0 0

y(x,0) yo(r), 0<r < 1.
As noted before, we are only interested in nonnegative solutions X(r,t) and
Y(r,t). Translating this requirement in terms of the new dependent variables

w(r,t) and y(r,t), we find that w and y must satisfy

w(r,t) 2 -A_ + y(r,t),
(5.9) 0
Y(r;t) 2 ‘B(r)/Aor 0O<r«<1.

From Theorem 4.3 we know that any classical solution of our problem will

satisfy (5.9) provided that the initial conditions fulfil
(5.10) wo(r) > —AO + yo(r), yo(r) > -B(r)/AO, 0<r«<1.

Our aim is to establish the existence of a solution of the problem
(5.3)-(5.10) for all time. When we have done so, we also, of course, have
the existence of a solution for all time of the original problem in X and Y.

The main difficulty in proving that the solutions X and Y guaranteed by
Theorem 3.1 on an interval (0,s) for some s can be continued for all time is
to show that they do not blow up. The reason why this question is interest-
ing is that the chemical model (1.1) does not allow us to conclude before-
hand that the concentrations X and Y remain bounded, since there is an un-
limited amount of A and B. Of course, if the solutions of our reaction-dif-
fusion equations were to explode, the model we are discussing in this chapter
would not make any sense at all.

So we must find, by mathematical means, an upper bound for a solution
of (1.4), (1.5), (1.7)-(1.9), (1.11), (1.12), or equivalently of (5.3)-
(5.10), without actually having a solution. Such upper bounds are called
a priori estimates. One might expect to find the upper bounds for the sol-
ution in more or less the same way as the lower bounds (Theorem 4.3) were
found, that is by means of a maximum principle for weakly coupled para-
bolic systems. The key to this approach would be a theorem by WEINBERGER
[23, p.299] which states that if the initial and boundary conditions of the
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parabolic problem rémain in a convex set S of the (W,y)—plane, and if the
vector consisting of the non-differential terms never points outward on the
boundary of S, then the solution will remain in S for all 0 < r < 1 and

t > 0. Unfortunately, one is not capable of finding such a set S with
(F(w,y)+a(x),G(w,y)+b(r)) never pointing eutward. Therefore, the maximum
principle attempt of finding upper bounds for the solution collapses. One
is, however, able to find such a priori estimates for so-called weak sol—
utions of the problem, or in other words in a Sobolev space topology set-
ting.

The problem we have to solve combines certain features of the Cauchy
problem with features borrowed from elliptic boundary value problems. The

solutions w(r,t), y(r,t) are defined on the Cartesian product of a space and
a time interval. In the space coordinate the equations are elliptic. For
elliptic partial differential equations there is a well-known Sobolev space

theory, so it pays to regard the functions w and y of two variables,

w,y: (0,1) x (0,T) > R
(r,t) » w, y(xr,t),

as functions of one variable, t, with values in a space E of functions of

the variable r, i.e.

w,y: (0,T) > E
tw, ylt].

When doing so, we shall write w[t](r) instead of w(r,t). Usually E will be
one of the Sobolev spaces, e.g. Hé(o,l).

The advantage of this approach is the following. In a certain sense we
separate the variables. The solutions w and y, as functions of r, satisfy
certain boundary conditions. In Sobolev space theory for elliptic equations,
it is customary to express the fact that a function is to satisfy certain
homogeneous boundary conditions by requiring that it must be an element of

a certain Sobolev space. Below, rudiments of this theory, as far as we need
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it, are given. Imposing an initial condition on w,y calls for taking w,y
as functions of t. In the above notation, this comes down to a condition
that wlt] » Wor ylt] » Yy in a certain sense as t + 0, wlt] and y[t] be-
longing to certain Sobolev spaces for all t.

The drawback of this approach is apparent. The reader needs some ac-
quaintance with functions that have their ranges in an infinite-dimensional

linear space. The next section is concerned with this.

6. FUNCTIONS VALUED IN A BANACH SPACE

The purpose of this section is to provide the minimum number of facts
necessary about functions valued in a Banach space E. In view of our needs,
we merely need a straightforward generalization of the scalar case.

Our exposition here has a more psychological than mathematical meaning: we

hope to convince the reader that the difference between functions valued in
a Banach (or Hilbert) space and those valued in R (or €) is easy to over-

come, and that both kinds of functions obey the same set of rules.

In Chapter II the definition of Sobolev spaces was given. Here we shall
only need the spaces Hm'2(0,1) = Hm(o,l) of functions f(r) defined on
0 < r < 1. Furthermore, we are only interested in real-valued functions, or
in functions valued in a Sobolev space over the real scalar field. Conse-
quently, we leave out the bar in the definition of the inner product in
H(0,1):

D..

1
ke gk
afdyg
(£,9) Z J ko
kem g d

Recall (see Section II.2) that H (0,1) is the completion of C (0,1) in
" (0,1), that C (0,1) is dense in L2(O 1), and that H (0,1) is a proper sub-

space of " (0, 1) whenm 2 1.

THEOREM 6.1. The imbedding

I: H1(0,1) -> L2(0,1)

o,
(V2]
%
N
Q
o+
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PROOF. This is a special case of Theorem II.2.3., withn =1, p =2 and
m=1. [

The following special case cof Sobolev's imbedding theorem is needed.
THEOREM 6.2. (Sobolev). The identity mapping

O+a

1: B 0,1) » 0,11, 0<o<i,

is compact (which implies that I is continuous).

PROOF. This is a special case of Theorem II.2.4. [J

LEMMA 6.3. If f € Hé(O,l), then £(0) = £(1) = O.

PROOF. From the preceding theorem we see that u may be changed on a set of
measure zero such that it is a continuous function on [0,1], so it makes
sense to write £(0) and f(1). For the rest of the proof see AGMON [9,
p-1051. 0O

LEMMA 6.4. The Sobolev spaces H'(0,1) are separable, i.e. they admit a
countably infinite set that is demse in H(0,1).

v ,
PROOF. See NECAS [10, p.64]. A different way to state this property is to
say that Hm(O,l) has a countably infinite base. [

DEFINITIONS 6.5. Let

f£: (0,T) > E
t > £[t],

where E is a Banach space. Since E is equipped with a norm, it is obvious
what is meant by such a function being continuous at some point t € (0,T) or
in a subset of (0,T). The definition of the derivative of f at t is equally

obvious: it means that the limit
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lim £l t+hl-£[t]

h~0 h
exists (h # 0, small and real). Observe that this definition fully exploits
the fact that E is a normed linear space: besides convergence, vector sub-
traction and scalar multiplication of vectors are also used. The derivative
at t is denoted by df(t)/dt or f'(t). If it exists at all points of (0,T),
we say that f is differentiable on (0,T). Those familiar with Fréchet de-
rivatives of a mapping (see e.g. TEMME [11]) will see that both notions
coincide.

The definitions of higher order differentiability and of continuous

differentiability are obvious.

NOTATION 6.6. In analogy to the space of continuous real-valued functions
on [0,T] we introduce the notation CO([O,T];E) for the linear space of con-
tinuous E-valued functions. Of course, CO([O,T];IU = Co[O,T]. The norm in

CO([O,T];E) is defined as

(6.1) | £] 0 = max Hf[t]HE.
c ([0,T];E)  OstsT
The reader will understand the meaning of Cm([O,T];E), 1 £ m < =, without

further explanation.

DEFINITION 6.7. Integration of functions valued in E is also easily defined.
The definition of the Riemann integral is immediate: f{tldt is the limit

in E of the Riemann sums 0

) £leld(t,, -t
O<t, <...<t <T J J
1 n
which converge, for instance, for continuous f because E is a complete

space. Likewise, one can define Lebesgue integration of a function
£: (0,T) - E.
The Lebesque spaces L2(0,T;E) are defined as the completion of the

linear space of infinitely differentiable E-valued functions with compact

support, C;(O,T;E), with respect to the norm
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T 1
(6.2) I £l . = (J beredtZae) 2.
L (0,T;E) 0
The trouble with this definition is in the first instance that the el-

ements of this space are "ideal objects". Without proof (see e.g. TREVES
[12, p.383]) we mention that by means of the Lebesgue integration theory
the elements of L2(O,T;E) can be recognized as classes of functions modulo
the standard equivalence relation of being equal almost everywhere, which
here amounts to u ~ v iff

T

J Tefe] - g[t]ﬂédt = 0.

0

REMARK 6.8. One should be on one's guard: the space L2(O,T;E) is, with re-
spect to the norm (6.2), a Banach space, but in general (that is, unless E
is itself a Hilbert space) L2(O,T;E) is not a Hilbert space. In the case
that E is a Hilbert space, L2(0,T;E) is equipped with the canonical Hilbert
space structure by the inner product

T

(6.3) (£,9) (£[t], g[t])Edt.

12(0,T;E) J
0

REMARK 6.9. In the following sections the spaces L2(O,T;Hé(0,1)) and
L2(O,T;L2(0,1)) are often used.

Let f(r,t) map (0,1) x (0,T) into R, and denote t® f(-,t) by f[-].
Then if f € L2(0,T;L2(0,1)), it can be regarded as a function belonging to
Lz((O,l) x (0,T)). In short we write, not quite accurately,
t?(0,m:2%0,1)) = t2((0,1) x (0,)).

Oour final definition in this section concerns Sobolev spaces of func-

tions valued in a Banach space E. It does not surprise us that this defi-
nition is straightforward too.

We recall that the distributional derivative of a locally integrable
function £: (0,T) » IR, usually also denoted by df/dt, or, Df is defined by

the relation
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T . T

df (t) - ¢ (t)
J at ¢(t)dt f f(t) at dt
0 0

(o]
for all C -functions ¢: (0,T) + R with compact support in R. Likewise, the
distributional derivative of an E-valued function u: (0,T) » E is defined by

the relation

T T
dfft] _ d¢ (t)
(6.4) J T ¢(t)at = J flt] 3¢ dt
0 0

for all ¢ € CS(O,T). Higher order derivatives are defined by repetition of
(6.4).

DEFINITION 6.10. The m-th Sobolev space of E-valued functions H'(0,T;E) is

defined as the linear space of all E-valued functions of which the m-th
order distributional derivatives belong to L2(O,T;E). If E is a Hilbert
space, this linear space becomes a Hilbert space under the canonical Hilbert

space structure

~18

(6.5) (£,9) =

HY(0,T;E) k=0 : k7 k

T x x
J (d £l a%glel) at
at at* /g

We conclude this section by stating the following theorem, which is a
special case of possible Sobolev theorems for E-valued functions (we do not

need other theorems).

THEOREM 6.11. If f ¢ L2(0,T;E) and g% € L2(0,T;E), then, after possible mod-
ification on a set of measure zero contained in [0,T1, £ is a continuous
function of [0,T] <nto E. In agreement with former notation one usually

writes this fact less precisely in the form
1 0
(6.6) H (0,T;E) < c ([0,T];E).

The identity map defined by (6.6) is continuous (even compact) .

PROOF. There is no real difference between the proof of this theorem and

that of Theorem 6.2. [J
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7. THE FAEDO-GALERKIN METHOD

Having summarized some rather elementary theory on functions valued
in Banach spaces, we are now in a position to introduce the concept of
a weak solution of the initial boundary value problem for the evolution

equations (5.3). We first introduce some notation.

2
NOTATION 7.1. In the following, the set Q ¢ R will be the set
Q = (0,1) x (0,T).

The functions w(r,t) and y(r,t) will be regarded as functions w[t] and y[t]

with values in an appropriate Sobolev space. So,
wlt](r) = w(r,t), yltl(r) = y(r,t).

Furthermore, let ¢(r) and Y(r) be weakly differentiable functions on
0 < r <1 with zero values in r = 0 and r = 1. More precisely, let ¢ and ¥
belong to the function space Hé(O,l). Then the Dirichlet integral D(¢,y¥) is
defined as
1
(7.1) D(¢,y) = J é% ¢ (x) é%'w(r)dr.
0
Remember that we are only considering Sobolev spaces over the real
scalar field, since w(r,t) and y(r,t) are also supposed to be real. For ¢
and ¥ € C;(O,l), the Dirichlet integral is equal to
1
D(¢,¥) = - J
0

2
é_%iEL ¥(r)dr,

dr
as is seen by partial integration.

Observe also that the two-fold differentiation with respect to r is

bounded when regarded as an operator

2
2
=25 ¥ (0,1) > L°(0,1).

or
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In our definition of weak solution we shall not make use of the speci-
fic form of wo(r) and yo(r), in order that the general idea of the Faedo-
Galerkin method, which is applicable to many other equations, is not ob-

scured.

DEFINITION 7.2. Let 0 < T < = be arbitrarily chosen. Let the initial data w0

and yo satisfy
(7.2) w 51(0,1) n B2(0,1)
. 0’ Yo € o'\Yr 1),

(which is, in fact, a little more restrictive than (5.8); compare also

(3.6)). Assume further that
1
a,b e H(0,1),
which is less restrictive than (1.9). Then a weak solution on (0,T) of
the initial boundary value problem for the evolution equations (5.3) is
defined as a pair of functions (w,y), with

(7.3) W,y € L(0,T; Hé(O,l) n B2(0,1)),

satisfying the equations (writing wlt](r) = w(r,t) etc.)

d
-d—t(w[t],¢)0 Dl(Aw[t],db)O + (D2—D1) (Ay[t],cb)o

(7.4) + (Fowle], yleD),¢) ) + (a,4) .

d
ag(y[t],¢)0 Dz(Ay[t],¢)o + (G(wlt], y[t]),sb)O

+ (b,¢)0,
for 0 < t < T and for all ¢ ¢ Hé(O,l) n H2(0,1), the initial conditions

lwit] - wol, >0

(7.5) as t v 0;

lylt] - y0ﬂ1 >0

and the conditions
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(7.6) y(r,t) = B(r)/AO, w(r,t) = A, + y(r,t)

for 0 < r <1, 0 < t < T, which ascertain the nonnegativity of X(r,t) and

0
Y(r,t). Remember that C [0,1] < Hl(O,l), so that (7.6) makes sense.

REMARK 7.3. The reader may wonder if in this definition the boundary condi-
tions w(0O,t) = w(l,t) = y(0,t) = y(1,t) = 0 are forgotton. This is not so,

since from (7.3) there follows
1 .
wlt], ylt] € HO(O,l) for almost all t € (0,T),

so by Lemma 6.3 one has w[t](0) = w[t](1) = 0, and the same for y[t], for
0 < t < T almost everywhere.
The initial condition (7.5) may seem meaningless at first sight. Later
on we shall prove that the derivatives of the weak solution E—w[t] and
tyft] belong to L (0,T; L (0,1)), so that from Theorem 6.11 one may conclude

that wlt] and y[t] are continuous functions of [0,T] into L (0,1).

Our aim is to solve the weak problem (7.2)-(7.6) by the so-called
Faedo-Galerkin method. Let us first make some introductory remarks.

Physicists and engineers, confronted with boundary value problems for
elliptic partial differential equations, were led to devise practical meth-
ods for approximating the solutions of such problems. Much in favour recent-
ly is the Galerkin method, which is based on the approximation of the ellip-
tic partial differential equation by linear equations in finite-dimensional
subspaces of the infinite-dimensional function space in which we are looking
for a solution. One solves these finite-dimensional systems of linear equa-
tions, and then shows that their solutions converge to that of the original
boundary value problem as the finite-dimensional spaces suitably increase to
the full space.

FAEDO [13] constructed a method to prove the existence of a solution of
initial boundary value problems for linear parabolic differential equations,
which is based on the Galerkin method described above. With respect to the
space variables, one proceeds in exactly the same fashion as in the Galerkin
method, but instead of obtaining a finite system of linear equations one

here has to deal with a finite system of linear ordinary differential equa-
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tions, which one soives by means of the standard theory for such equations.
Finally, one then has to show that the solutions of these finite-dimensional
systems approach the solution of the original initial boundary value prob-
lem, the latter being considered as an initial value problem for ordinary
differential equations in an infinite-dimensional function space, as the fi-
nite-dimensional subspaces of functions in the space variables increase in

a suitable manner.

This method, usually called the Faedo-Galerkin method, was first ap-
plied to a nonlinear problem by HOPF [14]. He showed the fundamental role
this method plays when discussing the Navier-Stokes equation. In his book
[5], LIONS gives many examples of how this method and similar ones can be
used to prove the existence of solutions of initial boundary value problems
for nonlinear evolution equations.

Since the Faedo-Galerkin method is useful in a variety of nonlinea; evo-
lution problems, it is worthwhile to give it detailed attention. Luckily,
the problem we have at hand is such that all the characteristic features of
the method show up when discussing its application to our problem.

All the applications of the Faedo-Galerkin method to nonlinear problems
have in common that the passage to the limit from finite systems of differ-
ential equations to differential equations in an infinite-dimensional vector
space, as mentioned above, is far more tedious to establish than it is in
the linear case. It is here that the necessity for a priori bounds for the
solution of the original problem, already announced in Section 5, becomes
apparent.

Our argument is arranged in the following manner.

(i) This section is concluded by the construction of approximate solutions
of (7.2)-(7.6).

(ii) In the next section we derive the necessary a priori estimates.

(iii) Then, in Section 9, we actually perform the passage to the limit.

Let {¢j}, j =1,2,..., be a sequence of elements of Hé(o,l) n H2(0,1)
that is dense in this space. Notice that the ¢j are chosen to be inde-
pendent of t. Such a sequence exists, because according to Lemma 6.4 Hm(O,l)
is a separable space. In our case it pays to choose the ¢j to be the solu-

tions of the eigenvalue problem
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-Ap, = X.9. (i.e. =" = A0, : O 1,
(7.7) RS o T3 = Ay O e s D)

by e Hé(O,l) N E2(0,1)  (so ¢(0) = ¢(1) = 0).

These functions form an orthonormal base in L2(0,1). The initial data w,., and

6]
¥, can now be approximated by a linear combination of {¢j}. Write
T4
Yom izl %om ¢1 M wO
(7.8) . in Hé(O,l) N HZ(0,1) as m > .
Yo = Z Bi ¢, >y
Om 121 Om i 0

We choose the coefficients agm and Bgm in such a manner that

7. > -
(7.9) yom(r) B(r)/AO, wom(r) > A0 + yom(r).
We now seek approximate solutions v and Y of (7.2)-(7.6) in the form

w [t]
m

1
I o~18

i
2 Gm(t)¢i.
(7.10)

m s
1
y,[t] Z B (E)0, .

1

1

Hence, wm[t] and ym[t] belong to the linear span of ¢i,...,¢m. Substituting

these expressions into the equation (7.4), and noting that here it is suff-

icient to let the ¢ in (7.4) range only over the set {¢j | j=1,...,m}, we

obtain the following system of 2m (nonlinear) differential equations for the
coefficients ai(t) and Bi(t):

(

4 .3 - g
Tt % ® = Fpltdeg),

= Dl(Awm[t],¢j)O + (Dz-Dl)(Aym[t1,¢j)o

+ (F(w [t],y [tD,0.), + (a,9.)
(7.11) < n o 370 3’0

4 .3 =g
3t Bm(t) dt(ym[t],¢j)o
= D2(Aym[t],¢j)0 + (G(wm[t],ym[t]):¢j)0

+ (b,¢j)o, j=1,...,m, 0<t<T.
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From (7.8) and (7.10) it follows that a;(t) and Bi(t) satisfy the initial

conditions

J 3 J J .
.12 = = = e..,m.
(7 ) am(o) aOm' Sm(o) BOm' J 1, ,m
The equations (7.11) have uniquely determined solutions a;(t) and B;(t),
j=1,...,n, obeying the initial conditions (7.12), defined on a certain in-
terval (O,tm). This is a consequence of the following standard existence
theorem in the theory of ordinary differential equations. Later on it will

be proved that tm =T for all m.

THEOREM 7.4. Let Q be an open set of IJH4, the elements of which are

written as (t,x) witht ¢ R and x ¢ R .Let £: Q > R°, (t,x) & £(t,x) be
a continuous function in D that is Lipschitz continuous with respect to the
variable x in D. Then for any (to,xo) € D the system of ordinary differen—

tial equations

dx (t)

(7.13) 3t

= f(t,x)

has a unique continuously differentiable solution passing through
(to,xo)(i.e.x(to) = xo); this solution is defined on an open interval I c Q

with to € I.

PROOF. See HALE [15, p.18 ff]. 0

It is easily seen that the right-hand sides of (7.11) satisfy the con-
ditions of the theorem, taking, of course, n = 2m.

It is hoped that the reader has noticed that in a certain sense we have
"separated variables"; in the functions ¢j the space variable r is hidden,
whereas they are independent of the time t.

Having found uniquely determined solutions ai(t) and Bi(t) of (7.11)
and (7.12) we have achieved the construction of approximate solutions wm[t]
and ym[t]; this is seen by simply inspectin? (7.10), grom which it also
follows that wm and Y belong to C (O,tm; HO(O,I) n H (0,1)).

REMARK 7.5. Because wo and Yo satisfy equations (5.3), and because their in-

itial values obey the nonnegativity requirements (5.10), Theorem 4.3 shows
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that w_and y satisfy the nonnegativity requirements for all t € [O'tm)'

8. A PRIORI ESTIMATES FOR WEAK SOLUTIONS OF THE EVOLUTION EQUATIONS

This section has a rather technical nature. The reader who wishes to
keep an eye on the main line of the argument, and does not wish to go into
all the technical details, is advised to take notice of the results in this
section, without looking at the proofs, and then proceed to Section 9.

Theorem 8.4 gives the crucial estimates. First, however, we derive

some elementary inequalities.

LEMMA 8.1. For all ¢ € Hé(o,l) the Dirichlet integral satisfies, for certain

positive constants oH and c

23
(8.1) c1"¢ﬂ12 < D(¢,4) < 02"¢H12.
PROOF. Since
r r
$(r) = J ¢'(s)ds = J $'(s).1 ds,
0 0

application of the Cauchy-Schwarz inequality yields
r
02 (x) < J (6 (s))2as < n¢'ng,
0
Integration of this result with respect to r gives
1
J o2 (mar = n¢u§ < u¢'u§ - D(6,9),
0
which is usually called the Poincaré inequality. Hence

2 2 "2 e =
Bl = ollg + oty < 2001 = 20(¢,9) .

The other inequality is trivial. [
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REMARK 8.2. The consequence of this lemma is that (D(¢, ¢))2 is a norm on

H (0,1) equivalent to the original norm "¢" .

LEMMA 8.3. For all ¢ € Hé(o,l) n H2(0,1) the following inequality holds:
(8.2) “¢"2 < const. lagl.

PROOF. It is possible to prove this in an elementary way. The result also

follows from Theorem III.2.10. [J

THEOREM 8.4. Suppose that w and ¥, are (weak) solutions of (7.9)-(7.12)
for all t. Then there exist positive constants a, B and constants c
and cq such that

17 S

d 2 2 2 2
(8.3) ;ag(a"wh[t]ﬂl + B"ym[t]"1) < clllwm[t]!l1 + czﬂym[tjﬂl + ¢
for all m = 1,2,... and all t.

PROOF Because of the special choice of our base {¢ } we may substltute
—A A¢ for ¢ in (7.11); multiply each of the flrst m equations by a (t),
each of the second m equations by BJ(t), and take the sum over j from 1 un-

til m. One then gets

-
d
a;(wm[t],'Awm[tJ)o

2
—DlﬂAwm[t]"O - (Dz—Dl)(Awm[t],AymFt])O

+ (F(wm[t],ym[t]),-Awm[t])o + (a,—Awm[t])o

(8.4) <
a _ 2
gz(ym[t],-Aym[t])o = DZHAym[t]HO

g +(G(wm[t],ym[t]L-Aym[t])O + (b,—Aym[t])o.

1
Using the equivalence of the norms (D(u,u))? and "u"1 for Hé(O,l), we obtain

4_(uuw [t]ll + snwm[t]uf)
2
< —aDlﬂAwm[tJHO - a(Dz—D )(Awm[t] Ay [t])O
-gD,lAy [+ jug

+ aD(F(wm[t],ym[t]),wm[t]) + BD(G(wm[t]'ym[t])'yh[t])

+ aD(a,wm[t]) + BD(b,ym[t]).
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In the rest of this proof we shall drop the index m and the argument t; so
we write wm[t](r) = wm(r,t) = w, etc. Using the Cauchy-Schwarz inequality a
few times, we find

1

da 3w
—_— == < I,
| J 5t Bt dr| aﬂlﬂw 1
0
< Iyl
D(b,y) llblllly!1

D(a,w)

IA

IN

and, in view of (5.4)
1
] ow
D(F(w,y),w) < | Jg;(—wy)g dr|
(8.5) 0
= < (Y | .
1 w+y||1ﬂw||1 ("w"1+"y 1) wul

Of course, it takes more trouble to find an estimate for the nonlinear term

D(G(w,y),y). By definition, see (5.5) and (5.2)

G(w,y) = -B(w-y) - BA;l(w-y)z - (w—y+A0)2y,
f={e)
1 1
btuy) 3y 2 - T
I Py dr = 3r (w y)dr Bar(w y)
0 0
- (w-—y)z L - 2ma (w—y)—(W-Y)
(8.6)

2 dy 9
(w~y+Ao) 3r 2(w y+AO)y ar(w y)}dr

I, +I_+I_ +I, +I_+ I_.

Using the additional condition (7.9) on the initial values of y and recall-
-1
ing Remark 7.5, we find that y 2 - BAO , SO
1
B oy X
I, +I,_ < J 2B ar(w y)ar dr.
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The second additional condition (7.9) implies that w - y 2 —AO, which
provides an upper bound for I3:
1

dB By
I3 < j (w-—y)dr 3r dr.
0

Obviously, I5 < 0. Making use of these three estimates, and applying the

Cauchy-Schwarz inequality a number of times, we obtain

1 1
26 3y L) - : B T
| j dr or drf < | J ar | (w Y)dr - BBr(w v)
0 0

dB d 1
+ (w—y)dr + 2Bar(w—y)Jdrl
sWWHﬁﬂﬂlwy“),

where M is a constant depending on the maxima of B and dB/dr.

Finally,

2 2

-aDlﬂAwﬂo - a(DZ—Dl)(Aw,Ay)O - BDzﬂAyﬂo

(8.7)
2 2 2

= - aDl["Aw - 5(y—1)AyHO + (%}-- H(y-1) )"Ay"o],

where y = D2/D1. Choose a and B > 0 such that

(By _ 1 2)

=4 - —(vy-1 = > 0.

(8.8) aDl\ S 4(y ) €
2 .

Then the left hand side of (8.7) is < - eHAy"O. Combining all the estimates

obtained above, we find that there exist constants kl' k2, k

that

3 and k4, such

12 llll Z4gl ol 2 lagh? <
zdt(a w 1+B y 1) + ellay o S

< + + +

when o and B are chosen to satisfy (8.8). Hence (8.3) holds. [
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COROLLARY 8.5. Under the assumptions on wo and Y, made above, there exist

constants K, K. and u such that

0

ut

2
I I
wm[t] 1 Ke  + K

IA

OI
(8.10)

2 ut
llym[t]Il1 < Ke'  + K

N

OI
for all t and m.

PROOF. Let u(t) = a"wm[t]"f + B"ym[t]“f with a and B satisfying (8.8). Then

the estimate (8.3) may be written as

du(t)
ET < pu(t) + c3

with u(0) = alw (0712 + gly (012,
m 1 m 1
Integration of the differential inequality yields

C

u(t) < T%(eut—l) + u(O)eut.

Together with (7.8) this implies (8.10). [J

COROLLARY 8.6. Under the same assumptions on W and Y there exists a non—
negative constant c, only depending on T, such that

T
y lw [£0%at < c(T)
m 2
and 0
T
J ﬂym[t]ﬂgdt < e ()
0
for all m.

PROOF. Inspecting the proof of Theorem 8.4 carefully, taking special notice
of inequality (8.9), we see that instead of (8.3) we could just as well have

proved

4 2 2 . 2
%aE(a“wm[t]ﬂl + euym[tjnl) + E"Aym[t]ﬂo

2 02
I
< clﬂwm[t]nl + czuym[tJ 1 + Cyr
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valid for all t and m. Integrating this from O to T, one obtains
T T
e | lay [t]"zdt <c IIw [t]"zdt
m 0 1 m 1
0 0

2
| I
+ c Iym[t] 2dt + ¢, T

N
OY—-4

2 2 2 2
- i{a(ﬂwm[T]Hl-me[ojﬂl) + B(Hym[Tjﬂl—Hym[ojﬂl)}.

Application of (8.10) gives the wanted result, since e > 0. Making use of

the other term in the expression (8.7) one gets the other estimate. O

COROLLARY 8.7. Let wo and Y, be as above. Then, for fiwed T, the sequences
F(wm,ym) and G(wm,ym) are bounded in the Hilbert space L2(O,T;L2(O,1)) = LZ(Q).

PROOF. From the Cauchy-Schwarz inequality it follows that
r
v2(r,t) =2 J %% (p,B)v(p,t)dp < 2"v[t]ﬂf .
0
for all v[t] € H'(0,1).
Applying Corollary 8.6, and using the above inequality, we find
r
ﬂwi[t]ﬂg = J wz(p,t)dp < const(T).
0
Repetition of the argument yields the boundedness of any product of any

nonnegative integral power of wm and Yo+ O

REMARK 8.8. The a priori estimates we have proved in Theorem 8.4 are slight-
ly different from those derived by AUCHMUTY & NICOLIS in [4]. To say it in
an unprecise, but suggestive manner, our estimates are the same as theirs,
but are valid in Sobolev spaces one order higher. That is because we made
more use of the infinite differentiability of the initial data and of the
functions A and B. The reason why we did this is to simplify the argument

in the next section. Especially, proceding in the fashion we have done has
the great advantage that we do not have to introduce Scbhelev spaces of

negative order.
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9. THE EXISTENCE OF A (WEAK) SOLUTION OF THE EVOLUTION EQUATIONS FOR ALL
TIME

In this section we wish to show that the sequences wm and Yo have con-
vergent subsequences with limit - in a sense that has to be specified - W
and ¥, that are solutions of the weak problem (7.2)-(7.6) for 0 < t < T,
where T is arbitrary. The first step consists of proving the following prop-

erty of solutions of the approximate problem (7.11), (7.12).

THEOREM 9.1. Let T > 0, arbitrarily chosen, and let W and Y, be the solu-—
tions of (7.11), (7.12), whose existence on an interval (O,tm) 18 proved in
section 7. Then, assuming that t < T for all m these solutions can be con-—
tinued to the interval (0,T), i.e., w and y, can be defined on (tm,T) in
such a manner that they satisfy (7.11) on the whole interval.

PROOF. Since
aj(t) = (w [t],0,),
m m i’0

one has by the Cauchy-Schwarz inequality and the a priori estimate (8.10)
lad®)1 < bw [e Io I < const (0

for all t € [0,T] and a analogous upperbound for Bi(t). Substituting the ex-

pressions (7.10) for wm[t] and ym[t] into the equations (7.11), one gets a

system of 2m differential equations of the form

e

= f(u(t))

where u(t) = (a;(t),...,amm(t),Bml(t),...,Bmm(t)). Of this equation the

following three facts are known:

(2) any solution v on the interval [0,T] must always satisfy |v(t)| s M
for some constant M > 0;

(27) the right hand side is continuous and bounded on the tube

2m

{((t,v) e R x R“" | 0<t<T, |v(t)| < M} and

(ZZZ) u(t) is a solution on the subinterval (O,tm).

From these three facts the continuability of the solution u(t) follows.

Hence the theorem is proved. [
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Above we have seen that the possibility of continuation of the solu-
tions wm[t] and ym[t] to the interval (0,T), where T is arbitrary positive,
essentially is based on the first pair of a priori estimates for weak sol-
utions of the reaction-diffusion problem.

The crucial role of the second pair of a priori estimates will be
understood in the proof of our final existence theorem, in favour of which

all the work above is done.

THEOREM 9.2. (Existence of a weak solution for all time). The weak problem
(7.2)-(7.6) has a soZutwn (wlt1,9(t]) for all time. For any T > 0, % and ¢
belong to 2 (0,T; H (0,1)).

PROOF. Choose T > 0, arbitrarily. Let v and Yo be the approximate solutions
on (0,T), that is solutions of (7. 9), (7.11) and (7.10), the existence of
which is guaranteed by the foregoing theorem. From Corollary 8.5 we see that

t "w [t]ﬂ dt is bounded for all m (the upper bound of course is dependent
on T), so {wm} is a bounded sequence in L (0,T; H (0,1) n H (0,1)). The same
holds for {ym}

Since a bounded sequence in a Hilbert space is weakly compact, there

exist a subsequences {wk} and‘{yk} of {wm} and {ym} respectively, such that

as k > o

9.1) g  weakly in L2(0,T;H(1)(0,1) n 52(0,1)).

Weak convergence here means that

T T
J (wk[tj,w[t])ldt > J (W[t],w[t])ldt
0 0

for all y € L2(0,T;Hé(0,1)) as k > o,

However, we shall need more. We are now going to show - and this is the
fundamental point - that the sequences {w } and {y } are bounded in
L(OTL(01))=L(Q)

Let Pm be the projection of the space Hé(O,l) n 82(0,1) into the linear

span of the first m ¢j given by (7.7):
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P-H1(01)nH2(01)+[ ]
m- 0 7 ’ ¢1l---l¢m *

It can be written as

m

P Lo (wiey) g0
i=1

1 1] 1] ]

Of course, mem = wm, P ym = ym, the primes denoting differentiation with

respect to t. From (7.11) we deduce

(
1]
w. = DleAwm + (D2—Dl)PmAym
+ PF(w ,y ) + P a,
m m'“m m
19.2) <
ym - DmeAym
L + PmG(wm,ym) + Pmb'

Because of the special choice olf the base {¢j} the projection P has norm
< 1. In Section 8 we have shown that F (wm,ym) and G(wm,ym) remain in a
bounded set of L2(Q) for all m (Corollary 8.7) and that the operator

A H (0,1) n H (0,1) -~ L (0,1) is bounded <Lemma 8.3). Hence the right hand
sldes of (9.2) remaln in a bounded set of L (Q) for all m, so indeed, we
have proved that wm and ym are bounded sequences in L (Q). So the subse-

quences {wk} and {yk} may be considered to be chosen in such a manner that

(9.3) . . weakly in L2(Q) .

L ' 1 ¥
That the limits of Wy and yk are indeed W and ¥ 1is seen as follows. Sup-

! : (1)

pose that w_ converges to a function w in LZ(Q) weakly, then

k

T T
J wre1,y0eD) @t = Lim J (w];[t],xp[t])odt
ko
0 0
T T
=-limJ (wk[t],w [t])odt = - J (w[t],w'[tj)odt
k>
0
T
= J (w'[t],w[t])odt for all y ¢ LZ(O,T;Hé(O,l)),
0
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1 1
hence w( ) = @ . Combining this result with the fact we already know that

wm and y, are bounded sequences in L2(O,T;Hé(0,1) n H2(0,1)) we may con-
clude that wo and ym are bounded sequences in Hl(Q). Since by Theorem 6.2
the injection HI(Q) - L2(Q) is compact, {wk} and {yk} have subsequences,

2
which we again call {wk} and {yk}, that converge in the L =norm:

wk > @ in L2(Q),

(9.4) 2
Y ~ v in L (Q).

. . 2, .
Since convergence in L” implies convergence almost everywhere, we also have

(9.5) wk(r,t) > @z, almost everywhere

v, (r,6) > g(r,t),  in (0,1) x (0,m).

It remains to study the behaviour of the terms F and G in (7.11) as k - «.

As F is a linear combination of wk and Yy it is clear that

- . 2
(9.6) F(wk’yk) > F(®,9) in L7(Q).
The nonlinear term, of course, causes more trouble. We know that the se-
quence X, = G(wk,yk) is bounded in LZ(Q)’ so the subsequences {wk} and {yk}
may be considered to be chosen such that

(9.7) G(wk,yk) > X weakly in L2(Q).

The point now is to prove that in (9.7) one may replace X by G(#,§). To this

end we need the following lemma.

LEMMA 9.3. Let {gk} be a sequence of functions belonging to L,(Q), such that
g I 2 <c
% L% ()

and

9,79 almost everywhere in Q.
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Then
9 * 9 weakly in L2(Q).

PROOF. Let N be an arbitrary positive integer. Introduce the subset EN of QO
EN = {(x,t) € Q l ng(x,t) -g(x,t)] <1 for k > N}.

This sequence of sets increases as N > «, and the measure of EN increases to
. . 2 .
the measure of Q. Define SN to be the set of functions in L" (Q) with support

2
in EN' and let S = §1 SN. Then S is dense in L (Q). Take s € S, then

N:
J s(gk—g)dxdt -~ 0 as k > «,
Q
by virtue of the Lebesgue theorem on dominated convergence. This is seen as
follows: s belongs to S, for some M. Take k 2 M, then Is(gk-g)l < |s| and
g, > g almost everywhere. 0

CONTINUATION OF THE PROOF OF THEOREM 9.2. Application of Lemma 9.3 to

9, = Gw .,y ) gives
(9.8) G(wk'yk) > G(W,¥)

2
weakly in L (Q), because G(wk,yk) forms a bounded sequence in L2(Q), and
because by (9.5) G(wk,yk) > G(W,9) almost everywhere.
Now return to the system of equations (7.11). Fix j and choose k > j.

Then, according to (7.11) one has

(wk'¢j)0 = Dl(Awk’¢j)O + (D2-D1)(Ayk,¢j)0
+ (F(w, ,y.),9.), + (a,9.)
0
(9.9) <, Kk TS0 ]
(v, 1950 = Dy 8y 29
L + (G(Wkryk)l¢3)o + (b,¢j)0

But, according to (9.1) it is true that
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. 2
(Awk;¢j)0 > (AW,¢j)O weakly in L (0,T).
From (9.6) and (9.8) it follows that
- R 2
(F(wk,yk),¢j)o > (F(ﬁ,y),¢j)0 weakly in L“(0,T)
and
PO . 2
(G(wk,yk),¢j)o > (G(w,y),zbj)O weakly in L°(0,T).
Finally, (9.3) implies
1) 1]
(wk’¢j)0 > (7 '¢j)0’
weakly in L2(0,T).

(W90 > (2,00,

So it is allowed to take the limit k + ® in (9.9), and we find

-~
(@100 = D (8%,8.); + (D,-D)) (89,4,
+E@,9 .6+ (a,9,)
(0.100 < 30 30
(9,05 = D, 9,8,
+ G960, + (0,4

for any fixed j. Since the functions ¢j are dense in Héo,l) n H2(0,1), it
is proved that % and § satisfy equations (7.4).
All there remains to show is that % and ¥ satisfy the initial condi-

tions (7.5). We have found (see (9.1) and (9.3)) that

->
wk w

(9.11) v, > 9

1
weakly in H1(0,T;Ho(0,1))-

Theorem 6.11 implies that the limit also holds pointwise in t, especially

for t = 0, so W [0] - #[0] ana Y, [0] -~ 9[0] weakly in H (0,1). But since e.g.

wk[O]= ok~ Yo in H (0,1), one has the wished result. D
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REMARK 9.4. From the Sobolev imbedding theorem (see Theorem 6.2) and from
the regularity theory for parabolic equation given in Chapter II it follows

that the weak solution is a classical solution.

REMARK 9.5. (Continuation of Remark 8.8). As we noted before, using more of
the .smoothness of the data, we derived a priori estimates in Sobolev spaces
one order higher than was done in AUCHMUTY & NICOLIS [4]. If we would not
have done so, then from (9.2) one can see that one may not conclude that

w; and y; remain bounded in L2(Q), but only in LZ(O,T;H—l(O,l)). A more
complex compactness result, which can be found in LIONS [5; p.57 ff.], is

then needed.

10. STEADY STATE SOLUTIONS

Amongst all solutions of our system the steady state solutions are of
particular importance. Such solutions play in the theory of nonlinear para-
bolic partial differential equations a role analogous to that of the criti-
cal points in the theory of ordinary differential equations. They are time
invariant, and similar to the situation for ordinary differential equations,
one often finds that the system evolves to steady state solutions as t
increases to infinity.

Since steady state solutions do not depend on t, we write X(x) and Y(r)
instead of X(r,t) and Y(r,t). These solutions obey equations (1.4) in which

is set 3X/9t = 3Y/9t = 0, that is

2
Dli-’zi- (B+1)X + XY + A = 0,
dr
(10.1) 2
a‘y 2
D2—-——2+BX-—XY=0, 0<r<1.

dr
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They also fulfil the boundary conditions

x(0)
Y (0)

X(1) = AO,

(10.2) 1 =
Y(1) = BO/AO.

In this section and in section 14 we shall study the steady state solu-
tions in the case that a rather specific choice for the data A(r) and B(r)

is made. We make the following assumptions.

HYPOTHESES 10.1. The functions A(r) and B(r) will be chosen as

(10.3) A(r) = A, cosh (20 (r-3)) /cosh a, 0<r<1,

where o =2 0, and

o
IA
2}
IA
-
.

(10.4) B(r) = Bo,

In view of (10.4) we shall drop the subscript 0 and write B instead of BO.
Notice that these hypotheses are stricter than those made in section 1. We

mention a number of immediate consequences of these hypotheses. First, there

holds

(10.5) 0 < Ao/cosh o < A(r) < AO,
Further, A(r) is a convex function of r. When a > 0, then A(r) is a solution
of the boundary value problem

2

DAQ—% - A =0, 0<r<1,
dr

A(0) = A(1) =A

(10.6)
OI

where o = %DA—i. Finally, note that A(r) = AO on [0,1] if o = O.

In bifurcation theory one studies the possible steady state solutions of
the dynamical system, for different values of a certain parameter. Moreover,
one tries to acquire some qualitative knowledge about their nature. In our
case the concentration of the reactant B will play the role of bifurcation

parameter.
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Let us first introduce some notations.

NOTATION 10.2. A solution (X(r),Y(r)) of (10.1)-(10.4) depends on the value
of B. To stress this fact we write (XB,YB,B) or (X,Y,B) to denote the solu-
tion corresponding to B. Let S be the family of all classical solutions

(X,Y,B) of (10.1)-(10.4) for all B > 0. Clearly
2 2
S cc”(0,1) x c7(0,1) x [0,=).

Let T be a closed, connected subset of S. We call T a tree of solutions, as
it consists of many branches. By TO we denote the tree starting from
(X,Y,0). We are especially interested in the solutions belonging to this
tree of solutions, which consists of all solutions that are connected to
the solution (X,Y,0), the existence and uniqueness of which is demonstrated
later on in this section.

In Section 4 maximum principles played an important role in our invest-
igation. Here too, it will be seen that maximum principles, now for elliptic
instead of parabolic equations, may be applied successfully.

First, we give a rather general result for nonnegative solutions.

THEOREM 10.3. Let (X,Y,B) be a nonnegative solution of (10.1)-(10.4) with
B20and o > 0 (i.e., A(xr) Z A)). Then

0
D.B D
X(r) €A +—2 + 2@ -a@)
) D.A D 0 !
170 1
(10.7) B DIAO DA
Y(r) £ — + + —(a_-A(r)), 0<r<1.
A, D, D, 0

PROOF. Define Z(r) = D1X(r) + D2Y(r) + DAA(r). Then from (10.1)-(10.4) and

the assumed nonnegativity it follows that
z"(r) = X(r) 20
and

z(0) = 2(1) = (D1+DA)A0 + DZB/AO.
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Here, and henceforth, in contrast to the preceding sections, the prime de-
notes differentiation with respect to r. The simplest form of the maximum

principle, based on convexity of the function Z(r), implies
<
Z(x) (D1+DA)AO + D2B/AO,
or
< < -
0 = D;X(r) + D,¥(r) < DA+ D,B/A, + D, (A -A(x)).
The inequalities (10.7) are contained in the last inequalities. []

COROLLARY 10.4. Let in Theorem 10.3 a = 0 (i.e., A(r) = A ). Then instead

0
of (10.7) one has
DB A
X(r) <A+ + —r(1l-x),
0 D1Ao 2D1
(10-8 B . Pifo 2o
Y(r) < K—'+ - + EB_T(l—r)' 0<rc<i1.
0 2 2

PROOF. Replace Z(r) in the previous proof by

2o
Z(xr) = D1X(r) + DZY(r) - T?I(1~r).

Proceeding in the same fashion as above, one gets the result. []
Now we wish to show that the tree TO is not empty. To this end we need

the following version of the maximum principle, which is closely related to

Theorem II.1.1.

THEOREM 10.5. Suppose u € co[0,1] n c2(o,1), g,h € c0[0,1], and h(xr) < 0 on
[0,1]. If u satisfies the differential inequality

u"(r) + g(r)u'(r) + h(r)u(r) 2 0, 0<r<i1,
then

u(r) < max{0, u(0), u(l)}.
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PROOF. This theorem is an immediate consequence of Theorem 3 in Chapter 1 of

PROTTER & WEINBERGER [8]. [J

The next step is to prove the existence of a steady state solution for

B = 0.

LEMMA 10.6. When B = 0, there is a unique solution (X(r),¥(r),0) = (X(r),0,0)
of (10.1)-(10.4), with 0 < X(x) < A, for 0 < r < 1.

PROOF. When B = 0, Y(r) satisfies

2
L. =
D2Y XY 0

subject to
Y(0) = ¥Y(1) = 0.

From the maximum principle in the form given above, the only possible solu-

tion is ¥Y(r) = 0, O < r < 1. The first equation (10.1) becomes linear:

(10.9) D1X"—X = - A(r), X(0) = X(1) = AO
Of this equation the solution is easily found. Applying Theorem 10.5 to
0.

The strict inequality is found by a more delicate argument. If X(s) = 0 for

equation (10.9) with X replaced by -X, one sees that X(r) 2 min(O,Ao)

some O < s < 1, then it must have a local minimum in s, so X"(s) = 0. This
contradicts (10.9), as -A(r) < 0 for all 0 < r < 1.
To get the upper bound, let u(r) = X(r) - AO. Then

Du" - u =Aa, -A(r) 20,

u(0) = u(l) = 0.

o

Again by the maximum principle just given, one obtains u(r) < 0, or
X(r) < A_.

(x) 0 0O
After having constructed a solution for B = 0, we must look at what

happens if B becomes (slightly) greater than 0.
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THEOREM 10.7. There exists a § > 0 such that for 0 < B < §, there exists a
nonnegative solution (X5, Y5,B) of (10.1)-(10.4).

PROOF. Making the boundary conditions (10.2) homogeneous, that is taking

x(r) = X(r) - Ao, y(r) = ¥(xr) - B/A0

one obtains

Dlx" + (B-1)x + Agy + A(r) = A + h(x,y) =0

0
(10.10)

" _ - 2 - —
D,y B, - Ay h(x,y) =0

which is (3.2) for time independent x and y and constant B. Let G(r,p) be
the Green's function for the operator —dz/dr2 (see e.g. TEMME [11, section
V.6] or STAKGOLD [17]), then the system of differential equations (10.10)
can be written in the integral equation form
x(r) : D,G(r,p) 0 £, (e,x(p) sy (p))
y(x) |~ J 0 D)Glxe) [\ £,(0.x(),y(0)) e

where f1 and f2 are defined as in (3.8). This equation in its turn may be

considered as an equation in the space Cg[O,lj x CS[O,l]

X fl(x,y)

(10.11) vl f2(x,y) = 0.

The left hand side of (10.11), of course, depends on B, and so it may be
considered as a function f(B;xB,yB), of which we know by the preceding
theorem that there are a XO and y0(=0) such that f(O;xO,O) = 0. By the im-
plicit function theorem (see e.g. TEMME [11, p.78] or BROWN & PAGE [16,
p.290]) it then follows that there exists a 6 > 0 such that (10.11) has a un-
ique solution (xB(r),yB(r), B) for 0 < B < §, satisfying (XB(r),YB(r)) ->
> (X,(x),0) in ¢%[0,11 x c%[0,1] as B > 0.

The proof of the nonnegativity of the solutions is postponed; until the

-

Theorem i0.9. U

For small B one also has uniqueness.
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THEOREM 10.8. There exists a n > 0 such that for O < B < n, there is at most
one non-negative solution of (10.1)-(10.4).

PROOF. Suppose that the theorem is false, then there is a segquence {Bk} con-
verging to 0, and for each k there exist at least two solutions, say (x Yk)
and (X Y ). Since both solutions must obey the bounds glven by Theorem
10.3, they must have limit points (X Y ) and (X Y ) in (C [O 1])

Both must be solutions of (10.1)-(10.4) w1th B = 0. If XO # X0 and
Y =Y onO<r

0 0

XO = X0 and YO = 0’

for (10.1)-(10.4), as in any neighbourhood of (XO,YO,O) in

< 1, there would be a contradicition with Lemma 10.6. If
¥ then one would have that B = 0 is a bifurcation point
2
c“r0,1] x ¢“[0,1] x [0,») there would be more than one solution. Later on,
in Section 12, it will be shown that this is impossible. Thus the theorem is

true by contradiction. []

We conclude this section by proving that any solution (X,Y,B) that may

be connected with (X,Y¥Y,0) = (X,0,0) is non-negative.

THEOREM 10.9. If (X,,Y,,B) belongs to TO then Xg(r) 20 and Y (r) 20,

0<r <1.

PROOF. First note that if XB(r) >0 for 0 < r £ 1, then from Theorem 10.5,

a maximum principle for ordinary differential equations, from the equation

D2Y" - X2Y = -BX
and the boundary conditions (10.2) for Y, one gets YB(r) 2 0.

So for this theorem to hold it is sufficient to prove the following
statement: if (X,Y,B) is in T , then X(r) =2 0 for 0 £ r < 1. This is proved
using a homotopy argument If (X,Y,B) is in T , then there is a continuous
mapping X: [0,B] ~ C (0,1) such that for each b ¢ [0,B], X(b) is the X-com-
ponent of the solution of (10.1)-(10.4), and that X(0) = XO' X(B) = X. De-

fine:
m(b) = inf {AO - xb(r)}.
0<r<1

From Lemma 10.6, m(0) > 0, and since X depends continuously on b, m(b) is a

continuous function of b.
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Now suppose there is a b where m(b) = 0 and let bO be the smallest bO
for which this is true. Then there is a solution X(bo;r) of (10.1)-(10.4)

and a point r_ in (0,1) such that

0

X(bo;ro) = 0 and X'(bo;ro) >0

as X(bo,ro) attains its minimum at r But from (10.1)

0"
D1X"(b0,ro) = —A(ro).

Since A(r) > 0 for all 0 < r £ 1, this is impossible, so there is no such

b.. Thus the theorem is proved. [J

0"
11. LINEAR STABILITY ANALYSIS

In this section and in the Sections 12 and 13 it is assumed that
A(r) = AO for 0 < r < 1. In the following we drop the subscript and write A

instead of AO. In this section the stability of the steady state solution

(11.1) X(r) = A, ¥Y(r) = B/A

of (1.4) with boundary values (1.11) is investigated. We are particularly

interested in the dependence upon the parameter B. Let again, as in (3.1),

X(r,t) = A + x(r,t) ,
(11.2)

Y(r,t) = B/A + y(r,t).

Substitution in (1.4) gives the system

9x 32x ' 2
3 = Dl——3-+ (B-1)x + A"y + h(x,y)
or
(11.3)
2
Yy _ 53y 2 _
5 = D2 7 = Bx + A’y h(x,y)
or
with

h(x,y) = (B/Az)x2 + (2B+x)xy,
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and with boundary conditions

(11.4) x(0,t) = y(0,t) = x(1,t) =y(,t) = 0.

By the transformation (11.2) the steady state solution
(11.5)

x(r,t) =0, y(r,t) = 0.

We will use the principle of linearized stability. Let

2
9x 97x 2
3t Dl——§-+ (B-1)x + Ay,
dr
(11.6)
dy 32y 2
—3—€=D2—2-+Bx—Ay,
dor
be the linearization of (11.3) at (x,y) = (0,0).

Applying separation of variables we obtain

yi(r,t))  \v(x)

(11.7) (X(rrt)\ _ (u(r)> R

with u(r) and v(r) satisfying

d2u

D,—5 + (B-1)u + sz = Au
1.2
dr
(11.8) dzv
D - Bu - Av = Av,
2.2
dr
or
11. ) = ("
(11.9) LB(V> A(V) ,

*
where LB is a linear differential operator. Its adjoint LB is given by

&2
Dl—% + (B-1)u - Bv
(11.10) L*(“) =| o .
B\v 2
0.8V 4 a2y - A%y
2" 2 u

dr

(11.1) becomes

213



214

For (11.8) we try a solution of the type

G-

and obtain the equations

(D1u2+B—1—A)a + AZB o,

(11.11)

-Bo + (D2u2—A2—A)B 0.

Thus, such a nontrivial solution only exists if

(11.12) (D1u2+B—1—>\) (D2u2—A2—)\) +a%B =0

and then we have a general solution of the form

u\ _ /u HpE (u \ T /a > HoT /a \ THT
(V,/ = C1\81>e + C2 61/6 + C3\\B§ e + C4\8§/e ’

where tul and iuz are solutions of (11.12). The vectors (al,Bl) and (a2,62)
satisfy (11.11) for u = iul and y = iuz, respectively.
0

Substituting the boundary conditions u(0) = v(0) = u(l) = v(1)

into the general solution, we find that C1 = —C2, C3 = -C4 and “1,2 = 1ﬂm1’2

and that for u1 # imm, necessarily C1 = C2 = 0. A same argument applies to

Uy C3 and C4. Consequently, the eigenfunctions have the form

u o )
(11.13) (Vm) = (B) sin mmr
with m = 1,2,... . According to (11.12) the corresponding eigenvalues are
+
B = 1/
(11.14) )\m(B) %pm(B) ifgm(B)

where

2 2
pm(B) B-1-A"-nm n(D1+D2),

{B-1+ A2 + m21r2(D1—D2)}2 - 4A2B.

gm(B)
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DEFINITION 11.1. The solution (11.5) of the system (11.3) is said to be
+ .
linearly stable if for all m Re A;(B) < 0.

DEFINITION 11.2. The solution (11.5) of the system (11.3) is said to be

¥
linearly unstable if for some m Re A;(B) > 0.

The principle of linearized stability is expressed by the conjecture that
linear stability of the solution (11.5) of (11.3) implies the stability of
this solution and that linear instability implies the instability. For sys-
tems with one component the principle has proved to be correct, see Theorem
8.3 of Chapter I, Theorem 5.4 of Chapter III and also Theorem 7.1 of Chapter
V. For the proof that the principle holds for the above system with two
components no reference is available in literature, as far as we know.

From point of view of bifurcation theory (see TEMME [11, Ch. IV and VII])

+
one is interested in the values of B for which Re A;(B) vanishes for some m.

At such point a bifurcating solution of the steady state equations may arise.

We consider the set of points R for which a real eigenvalue (11.14) changes

sign. Let
D 2
(11.15) B(r) =1+ L A2 + m2D ﬂz + A
m D 1 2 2
2 Dm 7w
2
then
_ (r) (x)
(11.16) R = {B | me W, g, (B, )= O}

Similarly we introduce the set of points C for which the real parts of two

complete conjugated eigenvalues change sign. Let

2 22
(11.17) Bn()c) =1+2a" +mn (D+D,),

then the set C is defined by

)

_ (c (c)
(11.18) c={B | mew, g (8 ™) <0}

In the sequel, it is assumed that A, D1 and D2 satisfy additional con-
ditions such that eigenvalues with vanishing real parts are simple for these
values of B. These conditions and further properties of the eigenvalues

(11.14) are worked out in AUCHMUTY & NICOLIS [4]. It is remarked that
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+
Re X;(O) < 0 for all m 2 1 and that also B(r), ;C) > 0 for all m, which

m
means that the steady state solution (11.1) is linearly stable for B = 0

+
and that, because of the continuity of A;(B) the stability is also ensured

for 0 < B < Bc’ where
(11.19)  B_ = min[Rr,c].

This minimum value is attained for m = m_, the so-called critical wave number.

If Bc = Bér), the eigenvector corresponding with the eigenvalue 0 is given by
c

1 2
(11.2()) C . 3 2 2
v = (6 sin m 7r, § = (Dlm m“+1-B ) /A".

The minimum value of the set C is attained for m = 1.

12. BIFURCATION OF DISSIPATIVE STRUCTURES

In Section 11 we have shown that a critical value Bc exists; below this
value the steady state solution (11.1) is asymptotically stable, while for
B > BC it becomes unstable. We will see that near Bc (and other points)
steady state solutions different from (11.1) may exist. These solutions
arise as new branches of the steady state equations and may run far away
from the thermodynamic branch. These nonuniform solutions are called
dissipative structures and occur in open systems. The branching may take
place for B = B(r).

m
tion at these points. In particular we are concerned with the case Bc= Bé

In this section we will analyse the possible bifurca-
r)
’

c
see (11.19). Writing

X(r,t) = A + x(r,t) ,
(12.1)

Y(r,t) B/A + y(r,t),

we obtain the steady state equations in the form
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2
2
019—5‘- + (B-1)x + A"y = -h(x,y)
(12.2) dg
a 2
D2—~%-+ Bx - Ay = h(x,y),
dr
with

h(x,y) = (B/AZ)X2 + (22a+x)xy.

Using (11.9) we also may write

X\ _ —h(x,Y)\
(12.3) LB( (

v) ~ \ nx,9)/)

When the operator LB has no zero eigenvalue, that is for B # B;r), LB is
invertible and equation (12.3) is equivalent to the integral equation

1

x(r) —h(X(S),y(s)))
. = ’ ds,

(12.4) (y(r)} f G(B,r s)( h(x(s),y(s)) s

0

where G is the matrix Green's function for LB. The operator

GB: c(0,1) x c(0,1) » c(0,1) x Cc(0,1) defined by

1
(12.5) GB<u(r)> = f G(B,r,s)(u(s)\ds

v(r) V(s)/
o]
is a compact linear operator, depending analytically on B for Bm < B < Bm+1’
m=20,1,2,... with BO = 0 and Bm = B(r), m=1,2,... . The functions
x(x) 0 and y(r) = 0 are solutions of (12.3) for all values of B. For

B = B;r), new branches of steady-state solutions can bifurcate from the

trivial solution. By application of the implicit function theorem one is able
to give a necessary condition for having a bifurcation point, see Corollary
3.4 of TEMME [11, Ch.IV]. In Theorem 3.6 of this reference a sufficient
condition for bifurcation is formulated. The method we use to study this
bifurcation is related to SATTINGER's approach [18] and uses as ansatz

that both the bifurcating solution and the parameter B admit a power series
expansion in a new parameter €. Later on it will become clear why the
introduction of a new parameter is needed. Let us consider the case

- 5™

B

- , see (11.19). Near Bc the expansion is formally

[e]

2
(12.6) B=B_ +ey +ey,t+ ...
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For the solution (x(r),y(r)) of (12.3) we introduce the expansion

(12.7) (x‘r)) = e(xl(r)\ (x2(r)\ e .

y(r) ¥, )" Y, )

Substitution of (12.6) and (12.7) into (12.3) yields, after equating the

coefficients of equal powers of € a recurrent system

(12.8) Ly (x k()Y _ ( a) - 1,2,3,...
v,/ \a)/

with

2, 2
ay(xy,y,iA,B)) = v x, + (B/A7)x, + 22x,y,

2
a3(x1,y1,x2,y2;A,BC) =v,x, * {Y1+2(BC/A )x1+2Ay1}x2 +

2 2
2Ax1y2 + Y1x1/A+x1y1,... .

Equation (12.8) with k = 1 is satisfied by the eigenvector (11.20) with an
arbitrary multiplicative constant, which we set equal 1. According to
Fredholm's alternative, see Theorem 4.28 of TEMME [11. Ch.VI], the non-
homogeneous equations (12.8) with k = 2,3,... have a solution only if the
right-hand side is orthogonal to the corresponding eigenvector of the ad-
joint homogeneous problem. This theorem applies to compact linear operators.
It is seen that the corresponding integral equation contains the operator
GB meeting this requirement, so that indeed the Fredholm alternative can

be used for this problem. The adjoint homogeneous problem has the form

(12.9) Ly (“)

with u(0) = v(0) = u(1) = v(1) = 0; the operator L; is given in (11.8).

This eigenvector reads

u(r)) _ (n . _ 22, 2
(v(r)) = <1) sin mcnr, n=1=+ Dzmcﬁ /A",

so that the orthogonality condition becomes
1
f {—aku+akv}dr =0,
0
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or

1
(12.11) j a sin m 7r dr = O.
k c
0

For k = 2 this condition produces a value for Yyt

(12.12) Yy = 0 for'mc is even,
and 5

8(Bc+2A $)
(12.13) Yy < - T for m, is odd.

It is remarked that by introduction of the expansion of B near Bc in
the new parameter €, sufficient degrees of freedom are created to satisfy
the orthogonality conditions (22.11) with k = 2,3,4,... .

We first consider the case mc is even. Substitution of xl(r), yl(r)
and Yl = 0 into equation (12.8) with k = 2 gives a linear, nonhomogeneous
system of equations for xz(r) and y2(r). Using Fourier serxies expansion we

are able to write the solution in the form

X, (x) had o (A,D,,D,,m ’
(12.14) ("2 ) = ¥ ( n 1727 ¢ sin nur.

Y (r) n=1 B (AID ,Dy,m )
2 n odd n 172"

Condition (12.11) with k = 3 yields an expression for Y2: which we write as
(12.15) Y, = £(&,D,/D,).

Summarizing these results we have found expressions for the first two terms
of the power series expansion (12.7) of the bifurcating solution near B = Bc’
where xl(r) and yl(r) are given by (11.9) with m = m, and x2(r) and yz(r)
have the form (12.14). For B we have

2
(12.16) B =B +e, + ...,

where Y2 may be either positive or negative depending on the values of A

and Dl/DZ' From (12.16) it follows that

(12.17) ] i/(B—BC)/Yz,
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so a bifurcating solution is found for B > Bc if Y, > 0 and for B < Bc if

Yy < 0. If Y, = 0 the next order term of (12.16) has to be computed in order
to obtain an insight in the branching process for the steady state equations
at B = Bc' In figure 1a we sketch the bifurcation at B = Bc for Yy > 0 and
in figure 1b the result for Y2 < 0 is given. From the preceding theory
(Theorem 10.8) we know that the branches are bounded away from the line B=0;
this explains the anticipated behaviour for e large. We see that for Y2 <0
stable dissipative structures are possible in the subcritical case (B < BC).
Starting from the thermodynamic branch they only can be reached by a sudden
jump, forced from the outside, which is needed to pass the unstable non-
uniform steady states. For Y, < 0 as well as for Yy > 0 the uniform steady
state (11.1) becomes unstable as B crosses Bc and two dissipative structures
may arise, which turn out to be linearly stable. These two solutions of the
form (12.7) have leading terms which differ only in sign. The passage of the
critical value Bc is called a symmetry breaking transition, which refers to
the occurance of these two distinet, nonuniform steady states for which a
local maximum of the one is attained at a local minimum of the other. It is
also seen from (12.14) that because of the infinite series with sin nnr
subharmonic terms may arise which only vanish under very specific condi-
tions. These terms are due to the nonlinearity in the problem and they

introduce spatial asymmetry in the solutions.

(b) Y, <0

(a) ¥, >0

I X1l Ixl

Figure i. Bifurcation for m, even.
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Next we consider the case with m_ odd. We already derived an expres-—
sion for Y, see (12.13). Since a, is known at this stage, eguation (12.8)
with k = 2 can be solved, giving expressions for xz(r) and yz(r) similar to

those for m_ even. For B we have the expansion

2
(12.18) B = BC + eyl + € Y2 + ...,
so that
B-B
x(x)) (xl(r)\ c
(12.19) <y(r)} = Yl(r)/ —;;— .

Consequently, a bifurcating solution exists for B < BC as well as for

B > Bc' see Figure 2. Again the branches are bounded away from the line

B = 0.

In Figure 2 it is observed that for an adiabatic variation of B near BC a
solution will remain on branches (al) or (b2)' A sudden jump of B, however,
could lead to solutions on either branches (b2) or (cz). Let such change of
B give a solution on (cz). Then a decreasing B will bring us on the part
(cl) and a further decrease would give again the thermodynamic branch (al).

This different behavior for increasing and decreasing B is called hysteresis.

II'xll ¢

B

c B——

Figure 2. Bifurcation for m odd.

In Section 11 we defined the minimum BC of the sets of points for which
+
the real part of the eigenvalue A™ (B) vanishes. In this section we restricted

ourselves to the point B € R for which a real eigenvalue vanishes. In partic-

B(r)

m
[e]

ular we were interested in the case B = . For the other points we may
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proceed in a similar way. The result is that for increasing B an increasing
number of nonuniform steady states is possible, see'figure 3a. With respect
to the phenomenon of repeated branching, it is worth to mention also a recent
paper of MAHAR & MATKOWSKY [19], who analyse the linear stability problem
for the bifurcating steady state solutions we dealt with in this section.
They consider the parameter € as the eigenvalue parameter of this problem
(so € takes over the role of B). If for a critical value of € the bifurcat-
ing solution becomes unstable a secundary bifurcation may arise. In this way
the branching process forms a tree as depicted in Figure 3b. The method
makes use of power series expansions with respect to the parameter

K = mz(m+1)2 - A2/W4D1D2,
which is a measure for the distance between the two in absolute value

smallest eigenvalues of (11.14).

I (a) T (b)

(B Il

|
|

Figure 3. Repeated branching.

13. BIFURCATION OF TIME PERIODIC SOLUTIONS

In this section we consider the case where the real parts of two
complex conjugated eigenvalues change sign; that is for B = C, see (11.18).
Let us take

_ ()
B, =B, .
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We will see that the thermodynamic equilibrium becomes unstable as B crosses
the critical value BC and that a time periodic solution exists for B > BC.
For ordinary differential equations with a bifurcation parameter this
phenomenon is known as Hopf bifurcation, see TEMME [11]. For partial
differential equations this problem has been studied in relation with the
Navier-Stokes equations for the Reynolds number R crossing a critical value
R, see D.D. JOSEPH & D.H. SATTINGER [20] and G- 100Ss [21].

Let equation (1!.3) nhave time periodic solutions with period 27T/w.
Introduction of the new dependent variables x and y given by (12.1) and a

new time scale T = wt transforms equation (11.3) into

ji x\ _ x) h(x,y)
(13.1) © 37 (y) LB(y, * (—h(x,y))'

It is assumed that a 2m-periodic solution of (13.1) with B near Bc has an

expansion in terms of powers of a parameter e

(13.2) (x‘r'”\ - e(xi‘r'”> + e ("2‘“ N

y(r,T)} B yl(r,T) yz(r T)

and that also

(13.3) w o+ ew, + ezw + ...,

1 2
(13.4) B=B + + e2 +
. = B, eYl Y2 .
with
_ + (c)
u=1ImA (Bc), B, =B, .

Substituting (13.2), (13.3) and (13.4) into (13.1) and equating coefficients

of equal powers of €, we obtain

(13-5) ! F (yz> g (;n) T z “k j(y ) ¥ /_a:') '

c'n

with an(xl,yl,...,x ;A, B ) as given in section 12. For n = 1 the sol-

n-1'Yn-1’
ution of (13.5) has the form

(%, (x, T)) (u(r)\ it

\v, (z,0) - e+
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where k is an arbitrary complex constant. The vector function (u(r),v(r))
is the complex eigenfunction of LBc with eigenvalue iu, see section 11.
Similar to the operator GB of (12.5) one may define a compact linear opera-
tor being the two-dimensional version of the operator in (3.13) of Chapter
II which is working on f and is based on the Green's function for the heat
equation. Thus, according to Theorem 4.28 of TEMME [11, Ch. VI] Fredholm's
alternative applies to the integral equation of (13.5) with n = 2,3,...

giving the following orthogonality conditions,

N

m 1
f J an{ﬁ(r,T) -v(r,T) }arat +
0 0

(13.6)
27w

-1
= wkf
0

where G(r,r) and v(r,t) are the complex conjugates of u(r,t) and v(r,T)

1
[ {Xn—k BT + Ynx 5;&drdr =0,
0

being the solutions of the adjoint problem

(13.7) - u F (3\, B<V) =0

with u(0) = v(0) = u(l) = v(1). The solution has the form

utr,m)) _ (1) it .
(13.8) (v(r,T)/ = n e sin 7Tr
—-i _1
n=-A/A"+1 e 16, 6 = arc sin(A2+1) 2,
Condition (13.6) with n = 2 gives Yy == 0. Using Fourier series expan-

sion we get the solution of (13.5) with n = 2; it is of the form

) + 21+
%, (r, T)\ an dn cos (21 wn) .
(13.9) (r T)/ Z sin nmr,
n=1 '8+ B cos(21+¢n)
where L and Bn are identical to the expressicns in (12.14). The orthogonal-

ity condition (13.6) with n = 3 gives Y, and w, which in general have values
different from zero. Thus, time periodic solutions are found either for

B > B, only or for B < B_ only. AUCHMUTY and NICOLIS [6] also consider the -
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system (11.3) subjected to boundary conditions different from (11.4). This
leads to other types of characteristic solutions. V

For example, one may impose no-flux boundary conditions of the type
(13.11) xr(o,t) = yr(O,t) = xr(l,t) = yr(i,t) = 0.

For no-flux boundary conditions time periodic bifurcating solutions are
found as well. There is, however, a significant difference. In the case
(13.10) the time periodic solution is also spatially nonuniform, whereas in
the case of no-flux boundary conditions the solution is uniform. The solu-
tion then describes a so-called homogeneous bulk oscillation. Finally, we

mention the possibility of periodic boundary conditions,

x(0,t) = x(27,t), y(0,t) = y(27,t),
(13.12)
xr(O,t) = xr(2ﬂ,t), yr(O,t) = yr(Zﬂ,t),

which defines a system on a ring of length 2m. An analysis, similar to the
one we made for the system under conditions (13.10), shows that one may
expect bifurcating solutions having the form of waves propagating along the

ring with a characteristic velocity, see [6].
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14. LOCALIZED DISSIPATIVE STRUCTURES

In this section it is assumed that A again varies with r, as in (10.3)

we choose

cosh{2a (r-})}

(14.1) Alr) = A0 cosha

, o > 0.

Let in (10.7) D, =D, D, = vD with 0 < D << 1. Following BOA & COHEN [7]

we suppose that the steady state solution of the thermodynamic branch can
be expanded as
o

- k _
(14.2) Xoq(®) = kzo DX, (x), Yo (o) =

k
D Yk(r).

o~ 8

k=0

Substitution in (10.7) gives after equating the coefficients of equal powers
of D a recurrent system of equations for xk(r) and Yk(r). Equating the terms
independent of D we obtain

(14.3) Xo(r) = A(x), Yo(r) = B/A(r).

The functions Xl(r) and Yl(r) must satisfy

2 d2xo
(B-1)X, + Xy, = - 2 ,
(14.4) 2
2 a4,
- Bx1 - XOY1 = =V 5 .
dr

It is easily verified that the solution of (14.4) reads

2 2

d“a(x) 4 1 )

X, (r) = ==2" + vB ,
1 dr2 dr2 A(r)

2 2
{—B-d—“fl—(a-nva—d-(l\} L.

(14.5)

Y, (x)
1 dr2 dr

Similar to (11.2) we write

X(xr,t) xeq(r) + x%(r,t),

(14.6)

Y(xr,t) qu(r) + y(r,t),
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and linearize about (x,y) = (0,0), giving
9x azx 2
E=apt v {-(B+1) +2Xx_(xr) ¥ (0l + X (1)y
at 3r2 eq eq eq
(14.7) 9
W _ Y i (-2x (1) Y () - X°_(v)y
ot ar2 eq eq eq

At
Substitution of (x,y) = (u,v)e yields

2
pd 2 4 { - (B+1) +2X (r) Y (r)}u + x2 (r)v = Au,
dr2 eq eq eq

(14.8)

2
ng—5-+ {B-2Xx (r) ¥ (r)lu - X2 (r)v = Av,
dr2 eq eq eq

with boundary conditions u(0) = u(l) = v(0) = v(1). Contrary to (11.6) this
system has variable coefficients, which even may vanish for some r in a
certain range of the parameter B. The eigenfunctions of this problem will
be analyzed with the WKBJ-method. The solutions are assumed to have the

form

(14.9) (u(r)\ _ exp(iyi£l>{<fo(r)\ - £1(0 D(fz(r)\ . '_.} -

v(r)/ /5 9o (1) gl(r)/ gz(r)/

Substitution in (14.8) gives after equating terms without D
2
(14.10a) {A+w'(xr)” +B+1 —2Xeq(r) qu(r)}fo - Xeq(r)gO =0,

1] 2 2 -—
(14.10b) {_B-+2xeq(r) qu(r)}fo + {A+vw'(x) +Xeq(r)}g0 =0,
or

£
(14.11) M (Fo) _ o,
Ngy/

Equation of the 0(/D)-terms yields

£ i{w"(2) £, (x) + 2w' (x) £ (x)}
(14.12) M ( 1) - ( ) 0 N ) )
A g1/ vl{w"(r)go(r) + 2w (r)go(r) )

If Det MA = 0, that is if
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2vw'(r)2 = {Vv[A+B+1-2X (r)Y ()] + >\+x2 (r)}
eq eq eq

(14.13)

I+

2 2
[{v[x+B+1-2xeq(r)qu(r)] + A+xeq<r>}

1
4v{A[A+B+1+x2 (r)-2x_ (x)Y_ (r)] + x° (r)}1%,
eq eq eq eq

equation (14.11) has a nontrivial solution. It is seen from (14.10) that

there exists a constant c such that

a2 2
Aw' (x) +B+1—2Xeq(r)qu(r) Xeq(r)

= = C.

)\+\)w'(r)+x2 (xr)
eq

B-2X (r)Y_ (x)
eq eq

By adding c times the second equation of (14.12) to the first equation, we

obtain

(14.14) 0 = w"(r){fo(r)+cvg0(r)} + 2w'(r){fo(r)+cvg0(r)}'
Integrating this equation once, we obtain

(14.15) {£,(x) + cvg(x) Ww' (r) = const.

The solution of the system (14.10b), (14.15) is

2 -1
Aow! (r)+X” (r)
constf eq
(14.16) galxr) = cv + }
0 w'(r)l B-2Xeq(r)qu(r)

and a similar expression for fo(r). The constants in f£_ and g, are deter-

mined by the boundary conditions at r = 0. The boundarg conditions at r = 1
are only satisfied for certain values of X being the eigenvalues of the
problem. If in (14.16) the term between brackets vanishes the leading term
of (14.9) becomes singular and the expansion will break down. For the
eigenfunctions corresponding with an eigenvalue A = 0 this occurs if

1] 2 2 .
2vw' (r)° + v[BO+1 —2Xeq(r)qu(r)] + xeq(r) = 0,

where BO is the value of B for which an eigenvalue vanishes. It appears
that exactly for this value, the discriminant of (14.13) vanishes, that is

when
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(14.17) [v(B +1 -2X ()Y (r) +X° 1% = avx® (r),
0 eq eq eq eq
or

1
(14.18) B = Q(r;v) + 00/D), o(rsv) = {1-a()v 32

Thus, if BO is such that (14.18) is satisfied for some r, the asymptotic

expansion will not be valid for this value of r. Using (14.1) we see that

this happens at two so-called turning-points, r, and r,, symmetric with

1 2
respect to r = } if Bo lies between the minimum value
-2
= _ 1
Bmin = {1 A(z)\) }
and the maximum value
-3.2
Bhax = 1= 3V "1

as seen in Figure 4a. From formula (14.13) it is deduced that for r1 <r <r

the function w(r) is complex so that the term exp{iw(r)/ﬁ} of (14.9) is

1 and r > rl, w'(r)2 is negative so that (14.9) is

not oscillatory. Thus, within this range of the parameter B the bifurca-

oscillatory. For r < r

ting steady state shows spatial structure in the center of the domain,

see figure 4b. The term localized dissipative structure refers to this
configuration. If BO lies above Bmax’ the function w(r) is complex across
the entire interval 0 < r £ 1, so that the spatial oscillations are present

in the entire interval.

(a) (b)

I xl

2

2l ettt

r—s © r. P> r

Figure 4. Localized dissipative structure.
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15. SOME CONCLUDING REMARKS

The main goal of this chapter was to analyze the mechanism of spatial
ordering in an initially uniform chemical system. Using bifurcation theory
we have been able to trace certain factors responsible for pattern forma-
tion and to obtain a rough classification of the types of dissipative
structures that may arise when a parameter of the system crosses a critical
value. But before we investigated bifurcation in greater detail, we had to
point out why it is worth to put this mathematical effort in the problem.

First of all, the correctness of the mathematical model had to be
established. Besides the positivity of the components of the system, we
had to investigate the existence of solutions on a semi-infinite time
interval, as it is of primary interest to know the behaviour of a solution
of this initial-boundary value problem as t - =. In the limit a solution
may tend to a stable steady state. In this part of the mathematical analysis
the Faedo-Galerkin method plays a crucial role. The analysis of possible
steady states depending on the parameter B was carried out in Sections: 10
until 12, where also the phenomenon of repeated branching has been discussed.
In particular the possibility of secundary bifurcation suggests that this
model chemical system could provide us a better insight in the mechanism
of morphogenesis. Because of the very nonlinearity, the components can in
general not be derived from a potential. Thus, we are working with a model
that is not included in Thom's theories of structural stability and
morphogenesis [22], which deal with potential systems in which diffusion
does not play a role.

In section 14 we considered the case where the reactant A of the system
has a nonuniform distribution. This leads to localized dissipative structures
for which we employed formal asymptotic techniques, known as the WKBJ-method.

Besides the steady states the system may also have characteristic time
dependent solutions. In Section 13 we considered the situation in which
bifurcating time periodic solutions occur, which bears a strong similarity
with problems in the field of hydrodynamic stability. In an unbounded
region one may also expect travelling wave solutions. In this chapter we

did not pay any attention to this type of solutions. They also occur in

of such characteristic solutions of nonlinear diffusion equations has been

made.
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VII. NERVE AXON EQUATIONS
1. INTRODUCTION

In chapter IV we have studied a diffusion equation with a nonlinear
source term (see Chapter IV (1.1)) and we observed some qualitative similar-
ity with the phenomenon of nerve impulse propagation. By constructing better
adapted models for describing the conduction of electrical impulses in a
nerve axon, one arrives at systems of diffusion equations with nonlinear
source terms. The basic model in this field is the famous Hodgkin-Huxley
model [1]. Hodgkin and Huxley described the state of a nerve axon by a func-
tion u = u(x,t), the electrical potential over a membrane. This membrane
separates the core of the axon from the surrounding medium, which both are
fluids containing metallic ions, sodium (Na+) and potassium (K+). This
gives rise to currents either through the membrane or longitudinally along
the axon. The nonlinearity of this theory appears through the terms describ-
ing the permeability of the membrane to the different types of ions.

The system can be written in the form

(1.1)

ow _
Py P(u)w + g(u),

where u = u(x,t) is the electrical potential across the membrane and

w = w(x,t) is a three-dimensional vector function, of which the components
determine the permeability of the membrane to the specific ions. The 3 x 3
matrix function P(u) and the vector function g(u) depend nonlinearly on u,
and the scalar I(u,w) is linear in u, but nonlinear in w. One can study (1.1)
both on the half plane - ® < Xx < ®, t 2 0 or on the quarter plane x 2 O,

t 2 0. In this chapter we will study a simplified version of this system,
known as the FitzHugh-Nagumo system which takes the form (except for y > O

equivalent to a form given by NAGUMO et al. [2])

2
U _ 324, (1-u) (u-a) - bv, 0<a<1,b>0,
3t 2
Ix
(1.2)
v = - Yyv + us Y 2 0.
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Once more, u means the voltage, while the scalar v represents a variable
combining two components of the vector function w of (1.1). The parameter b
should be considered small, as follows from the transition from (1.1) to
(1.2) (for details see CASTEN et al. [3]). The basic arguments of the trans-
formation leading to (1.2) are supplied by the physical observable difference
in time-scales, by which the components of the vector function w are acting
in (1.1). It should be noted that the case y = 0 gives rise to a situation
which is mathematically a little simpler. But some people argue that the
term -yv should be retained in the equations on physical grounds. In this
chapter we will mention some properties of (1.2) with only an indication of
the proofs omitting all details.

First we discuss what we should expect from a mathematical model for
nerve axon conduction on the ground of some known characteristics of nerve
axons, found by experiments on living axons.

(a) If the dependence of the voltage on the position along the axon is re-
moved, an impulse can be stimulated simultaneously at every point: the so-
called space-clamped experiment. An impulse will arise only if the stimu-
lating current or voltage reaches a threshold value. When this occurs the
voltage firstly continues to rise, without further input and then it falls
down to a small negative value before returning to the equilibrium state.
(b) If one supplies a boundary condition in the form of a persisting signal
at the end of the axon, this signal must reach a threshold value in order
that a signal results, which then propagates with a constant velocity and
with the shape found by the experiment under (a) along the axon.

(c) In view of (b) it is reasonable to expect the existence of a travelling
wave u(x,t) = ¢(&), v(x,t) = Y(§), & = x + ct, with conditions ¢ (¥») =

= y(£») = 0, where (u,v) = (0,0) represents the unique rest state.

(d) The information transferred by the axon may be richer then only a signal
indicating the activation of the cell body of the nerve (all or nothing) .
Variations like the time intervals between pulses or the frequency of pulse
trains may form a code for the receiving system. It is preferable that our
model reflects this feature. The axon on which Hodgkin and Huxley made their
experiments, the squid axon, does not display this variation however, prob-
ably because this particular axon does not need to transmit this kind of
information.

(e) The ionic concentrations in which the nerve axon acts can be altered by
adding other chemicals with the effect that the shape of the travelling

wave changes or even that there no longer exists a travelling wave. This
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should be reflected by the effect of changes of the appropriate parameters

in the model.

Most of these characteristics are indeed found for the Hodgkin-Huxley
system by numerical analysis. Since the FitzHugh-Nagumo system (1.2) has
only two dependent variables there is some hope that the question whether
or not it has the required properties can be answered by mathematical analy-
sis. The rest of this chapter is devoted to this approach. This chapter is

based on an article by HASTINGS [4].

2. THE FITZHUGH-NAGUMO SYSTEM

The FitzHugh-Nagumo system resembles to some extent the problem, which
we have studied in Sections IV. 4 and IV. 5. The only difference is the
variable v, which we have called there, anticipating this chapter, the re-
covery-variable, because this variable achieves the desired effect that the
voltage, resulting from a stimulus above threshold, will return to the rest
state. This feature does not occur in the model of Chapter IV, for which we
proved that Zl.imt_mo u(x,t) = 1 on each bounded x-interval, if the initial
data are above a certain level (see Theorem IV. 4.4 and IV. 5.4). Intuitively
we see from (1.2) that indeed v acts as a variable controlling the growth of
u.

We will examine the properties of the solution (u,v) of (1.2).

2.1. Space-clamped solutions

By assuming the space-independence of the physical situation and stimu-

lating the axon with a constant current I, we find

Ju

ﬁ =TI + u(l-u) (u-a) - bv,
(2.1)

§2,= - yYv +u

3t Y '

where I may be zero. If we put the condition

(2.2) (1+a) 2 (a+ -’3)2 - 4T (1+a)° -4(a+ %)3+181(1+a) (a+ %-2712 <o,
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then we are assured that there exists precisely one equilibrium point (uo,vo),
depending on I; in particular for I = 0 (2.2) means
(2.3) (1-)? < 22
Y
Linearizing around the point (uo,vo), yields with u = u - uq, v=v - VO'

o

3 2
(2.4) _d__ (u) _ —3uo+2(1+a)uo—a -b ( )
dt - . " .
-Y v,

For I = 0 it follows that the eigenvalues of the matrix have negative
real parts. So the equilibrium point is asymptotically stable. By further
examination we can determine the character of this point (see Chapter IV. 2).

For I = 0 it follows that

(0,0) is a spiral point if (a-Y)2 < 4b

1]

(u.,v.)
(2.5) 00 )
(uO,VO) = (0,0) is a two-tangent node if (a-y) > 4b.

The basic experiment of stimulating a resting axon with a brief pulse
corresponds to an initial value problem for (2.1) with I = 0, u(0) > O,
v(0) = 0. In the (u,v)-plane it corresponds to trajectories starting with
u(0) < a, or u(0) > a. If u(0) < a then u' < 0 while for u(0) > a we have
u' > 0. It can further be shown that there are no periodic orbits and that
(0,0) is globally stable (see McKEAN [5]). In Fig. 1 some trajectories are
sketched.

Figure 1
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So (2.1) with I = O exhibits a mathematical version of the threshold
character, with u(0) = a representing the threshold value.

If we now let vary the value I to positive values, the phase portrait
for I near 0 will be qualitatively the same. For some.values of the para-
meters and some value I = I, the eigenvalues of the linearized problem will

1
be purely imaginary, and for I, < I < I_ the eigenvalues have positive real

parts. Such a change is usuall; accompaiied by the arise of periodic solu-
tions, the so-called Hcpf bifurcation of a family of periodic solutions

from equilibrium. Until yet, this phenomenon has not been detected experimen-
tally; small amplitude oscillations are however recorded by numerical simu-

lations of the Hodgkin-Huxley system (see HASTINGS [4] for further references).

2.2. Travelling waves

In view of the results of experiments, mentioned under (b) in the in-
troduction, a major part of research in this field was dedicated to the proof
of the existence of a travelling wave for (1.2). It means that there exists
a solution (u,v) of (1.2) which travels along the axon with a fixed shape
and speed: u,v depend only on £ = x + ct. Let ' denote differentiation with

respect to &, then (1.2) can be written as

u' = w,
(2.6) w' = cw - u(l-u) (u-a) + bv,
. 1
v' = —u,
c

where we have chosen Yy = 0. Our purpose is the determination of values for
the up to now arbitrary constant c such that (2.6) has a nontrivial solution
satisfying u(#«) = 0, and the same for w(£) and v(§): a so-called homoclinic
orbit. Since the space is now 3-dimensional we cannot use the Poincaré-
Bendixson theory and the analysis will be more intricate. The only equilib-
rium point in the (u,w,v)-space is (0,0,0). Linearizing around this point

gives y' = Ay, with y = (u,w,v)T and

0 1 0
(2.7) A = a c b .
1/c O 0

The eigenvalues of A determine the local behaviour of the full system near
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(0,0,0): there is one positive eigenvalue Al and two eigenvalues with nega-
tive real part.
This can be seen from the relations:

(i) A, + A, + A, =c >0

1 2 3
(ii) Alxz + A1A3 + AZXB =-a<o
(iii) X1A2A3 = b/c > 0. s ,
Since Ai satisfies A7 - cA” - al - b/c = 0, it follows immediately
that Al is real and positive and X2A3 > 0. Both for A2 = Ks or A2 % Ks

(which implies A_ and A3 real) it follows that Rek2 < 0 and Re>\3 < 0. For

2
the linear system the general solution is

3 .
(2.8) v = J otipleAi‘E ,

i=1
with ai arbitrary and pi the eigenvector corresponding to the eigenvalue Ai'
If ui = 0 then it follows that limg_wo y(&) = 0, while if a2 = a3 =0
lim€_>_°° y(g) = 0. The transition from the linear to the nonlinear system will
not affect the behaviour near (0,0,0). In view of the stable manifold theorem
(see section IV. 2.1) we know that there exists a two-dimensional stable
manifold S and a one-dimensional unstable manifold U both containing (0,0,0)
in their interior. S divides U in two parts U+ and U . Since the system
depends on ¢ as a parameter we denote this by the subscript c. Our purpose
is to find c such that Uc bends around and intersects the stable manifold

S which implies that for certain initial vectors y(0), lim e Y(E) =

c E>
1imE_>oo y(€) = 0. We will mention some results which were proved by Hastings

by a detailed analysis of the phase space.

THEOREM 2.1. If § < a < 1 then all solutions y(£) = (u(€), w(g), v(£)) of
(2.6), which intersect the unstable manifold u_, are unbounded.

THEOREM 2.2. Let 0 < a <}, and 0 < b < b, b sufficiently small, then

there are numbers Cyr Cy depending on a and b and with ¢, > ¢ such that

(2.6) has a homoclinic orbit for c = c; and c = c, and periodic orbits for

Cl<C<C2.

Theorem 2.2 is the result of three papers {6,7,8] and contains at the moment

the most definite results.

PROOF OF THEOREM 2.1. In order that the solution will show the limit
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behaviour limg_)_oo y(E) = 0 it is necessary that y(0) lies on the unstable
manifold, either on U+ or on U . We note that for the eigenvector

1
p1 = (p;,p;,pé) holds by direct examination Py > 0, p; > 0, p; > 0. So let

y(0) lie either in the positive octant (on U+) or in the negative octant

(on U ). The last possibility is easily excluded since then it follows from
(2.6) that all components are decreasing, since all derivatives remain nega-
tive. We will prove that if y(0) lies on U+, u and v remain positive and
since u' = w, it follows that u becomes unbounded, if we can prove that

w > 0 for all £. Define
u
(2.9) Y(E) = 3 WZ(E) + F(u(g)), F(u) = J f(u')du'.
0
Differentiating (2.9) we get
(2.10)  $'(E) = W (E) +bw(E)v(E).

So Y' > 0 if w > 0 and v > 0. Further u remains positive if w remains posi-
tive and v remains positive if u remains positive. Thus the crucial role
will be played by w. Starting at £ = - @, y(-®) = 0 and y(-~) = 0 so §y > O
and §' > 0 as long as w > 0; ¢ > O implies } w2 > -F(u), while -F(u) = 0
for the given values of a. Let E-be the first value for which w(g3 = 0 then
$(E) = F(u(E)) < F(u(-=)) = y(-=) = 0. It implies that ¢'(£) = O for some

EO < g, a contradiction since w(EO) >0. 0O

Thus a necessary condition on f(u) such that (2.6) has a homoclinic

1

orbit is 0 < a < 3, which implies flf(u)du > 0. We will prove a lemma that

0
gives us an idea how the existence of a homoclinic orbit is proved. We de-

note the unstable manifold from (0,0) by Uc b and the corresponding y by
14

yc b’ stressing the dependence on the parameters ¢ and b.
14

LEMMA 2.3. Let O < a < } and b sufficiently small, then there exists a c,

such that the projection of UZ ponv=0 tends to infinity in
1

R ={(uw | u<0, w< 0}

There is also a c.,, c, > C

2" 72
tends to infinity in

such that the projection of U: on v =0

1 2:b

R" = {(w,w | u>0, w> 0}
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PROOF. Putting b = ¢ = 0 we arrive at the equation we have examined in
Chapter IV. The solution with y(-®) = 0 lies in the plane v = 0 and since

0 < a <} we find the solution u = ¢(£) with ¢ defined in section IV. 4.1.
Let now ¢ have a small positive value, then we know from the proof of
Theorem IV. 4.8 that the unstable manifold U: 0 will lie close to the curve
£(¢')2 + F(¢) = 0 and will cross the negative,v—axis, thus the corresponding
uc,O’ wc,O’ fixed by (uc,O(O)’ wc’O(O)) as the point of crossing of the

positive u-axis, tend to minus infinity. So there is a EO such that
(2.11) “c,o(go) <0, wc,O(EO) < 0.

Fix c = c1 and let b be positive, then we can choose b so small that

Z’:0
(2.12) clwcl,b(go) < -b I uCllb(E')/c1 dg’.
Thus cleIIb(EO) < -b vcl,b(io) and wéllb(éo) = clwc1,b(€o) —f(uc1'b(io)) +

+ b vcl,b(go) < —f(ucllb(io)) < 0, since uc1lb(Eo) < 0. So “él,b(go)’

w' (E.) and v'

3 " "
¢1.0%0 c1,b(£0) are negative and even u w

01,b(io) = c1,b(50)
= ] —F1 v 1 : '
Clwcl,b(go) £ (ucl,b(io))ucl’b(go) + b vcllb(go) < 0, since f'(u) <0
for u < 0. So (u,u',u") remains in the negative octant and so does the solu-
tion (u,w,v).
The second part of the lemma follows from the fact that for b = 0 and

+
c=cy= 3 V2 - a/2 the unstable manifold from (0,0) Uc represents the

H/0
unique front, with u(-») = 0, u(®) = 1 (see Theorem IV. 4.5; note that now
+
£ =x + ct), and for c > cH UC 0 will be unbounded. The possibility that
’

+
UC 0 should cross the positive w-axis is excluded by u' = w and the possi -
’

+ +
bility that Uc 0 should cross the u-axis is excluded because Uc 0 cannot
’ r

+
cross Uc 0 and the direction of Uc 0 at (0,0) is greater than the direction
H’ v

of UC 0 at (0,0). If b > 0 then v remains positive as long as u is positive;
H

’

+
it means w' = u" = cu' - £(u) + bv > cu' - £(u). So the projection of UC b
’

+
on the (u,w)-plane will lie above the manifold UC 0 and so the assertion of
’

the lemma is proved. [

We now define the sets A,B+ and B_
1

. + ] o
A={c | u is unbounded}
c,b + .
B, = {c | projection of U, ponvs= 0 tends to infinity in R }.
’

If we prove that A = B+ U B_ we have eliminated the possibility of unbounded

oscillating solutions. B+ and B_ are not empty by Lemma 2.3 and are disjoint
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and by proving that B+ and B_ are open it follows that A = B, U B + (0,°).

Take a value c in the complement A% of A then we are assured that U+ b is
bounded. By refinements of the proofs needed for these assertions, i; is
actually possible to prove that a¢ contains an interval (Cl'c2)’ <, > <y >0
such that Cyr Gy yield homoclinic orbits and values in between periodic
solutions. We refer to HASTINGS [7,8].

Now that we are assured of the existence of a travelling wave, which

we call u = ¢$(§), the following result makes sense.
THEOREM 2.4. For a travelling wave u = ¢(§) the speed c satisfies

(2.13) c2 > 4b .

(1--a)2

Moreover ¢ (E) has at least one zero and

1-a
2

'
o
o~
ot

(2.14) max ¢ (£) > - Hu-a)? -

=< g <o

Q

For the proof we refer to GREEN & SLEEMAN [10]. They used energy-like inte-
grals and a convexity argument. We note that from (2.14) it follows that
max_m<g<0° ¢$ (&) > a, indicating the threshold character of this parameter.

From extensive numerical experiments it has been conjectured that the
two values Cl' 02 with <, > c1 > 0 are such that for fixed a, cl(a,b) is in-
creasing in b, c2(a,b) is decreasing in b and that <, < Cy = L V2 - a/2 for
all values of b for which the corresponding homoclinic orbit exists (see
McKEAN [5]). For a further introduction to this system we refer to HASTINGS
[4] and McKEAN [5]. The methods by which Hastings has proved existence of
homoclinic and periodic orbits for the FitzHugh-Nagumo system, are also
applied by him to the Hodgkin-Huxley system [9].

We mention also recent work of SATTINGER [11] on the stability of
travelling waves with methods of functional analysis, and of RAUCH & SMOLLER
[12] on the existence of a solution of the initial value problem and on the
asymptotic behaviour, thereby using the technique of the so-called contract-
ing rectangles R: if (u(x,0), v(x,0)) lies in R for all x ¢ IR, then
(u(x,t),v(x,t)) lies in R for all t 2 0 and X € IR; R is an invariant set

for the system (1.2). EVANS [13] studies general nerve axon equations and

examines especially the stability.
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